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Incorporation of high-rate internet of things (IoT) service into a massive MIMO framework is investi- 

gated. It is revealed that massive MIMO possess the inherent potential to offer such service provided it 

knows the channels for all devices. Our proposed method is to jointly estimate and track the channels 

of all devices irrespective of their current activity. Using the dynamical model for devices’ channels evo- 

lution over time, optimal and sub-optimal trackers are developed for coordinated scenario. Furthermore, 

we introduce a new paradigm where the BS need not know the pilot access patterns of devices in ad- 

vance which we refer to as uncoordinated setup. After motivating this scenario, we derive the optimal 

tracker which is intractable. Then, target tracking approaches are applied to address uncertainties in the 

measurements and derive sub-optimal trackers. Our proposed approaches explicitly address the channel 

aging problem and will not require downlink paging and uplink access request control channels which 

can become bottlenecks in crowded scenarios. The fundamental minimum mean square error (MMSE) 

gap between optimal coordinated and uncoordinated trackers which is defined as price of anarchy is 

evaluated and upper-bounded. Stability of optimal trackers is also investigated. Finally, performance of 

various proposed trackers are numerically compared. 

© 2021 Elsevier B.V. All rights reserved. 
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. Introduction 

Mobile broadband (MBB) and massive machine-type commu- 

ication (mMTC) constitute two main application areas in future 

enerations of cellular networks. mMTC is also referred to as the 

rowded or overloaded scenario and is mainly driven by internet 

f things (IoT) applications. To accommodate these two type of ser- 

ices in future networks, promising cellular concepts such as mas- 

ive MIMO should be adapted to their particular characteristics. 

ecent effort s on fusion of these concept s are divided into three 

ategories: i) MBB, ii) low-rate IoT, iii) high-rate IoT. 

Benefiting from channel hardening property, massive MIMO de- 

ouples individual users channels into deterministic ones free from 

nterference, small-scale fading, and noise [20] , while applying 

ow-complexity linear beamforming/combining techniques [19,22] . 

s its major challenge, all users channels should be known at the 
� Parts of this work has appeared in the International Symposium on Telecommu- 

ications (IST) 2020 [24] . 
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S. Orthogonal pilots have been utilized to enable channel estima- 

ion [20] . They were proven to be optimal for peer-to-peer ordi- 

ary MIMO as well [4] . Each orthogonal pilot should be assigned 

o one user only to avoid pilot contamination. This is possible for 

BB as there are only a few active users. A well-known initial ran- 

om access procedure for dynamic pilot assignment in MBB is ran- 

om access to pilots (RAP) which is reminiscent of slotted ALOHA 

ith the difference that collision domain is no longer time but pi- 

ot sequences [26] . RAP has been further modified to permit colli- 

ion resolution [5,23] . 

The proposed grant-based approaches are not suitable for low- 

ate IoT. Firstly, crowded scenarios lead to excessive collisions in 

 slotted ALOHA system greatly reducing its success rate. Sec- 

ndly, every device has only a few bits and the overall access 

equest/grant procedure incurs too much overhead. Thirdly, there 

ight not be even enough orthogonal pilots for all simultaneously 

ctive devices. The proposed remedy is to transmit a pilot pattern 

ollowed immediately by the few data bits without any previous 

andshake with the BS. These schemes are referred to as grant- 

ree and are divided into two broad categories depending on the 

ilot structure. First category advocates non-orthogonal pilot se- 

uences that are assigned uniquely and permanently to every de- 

https://doi.org/10.1016/j.sigpro.2021.108132
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ice. The corresponding decoders mostly rely on compressed sens- 

ng [3,8,10,11,28] . Second category recommends sharing orthogonal 

ilots among several users. Ergodic random access to pilots includ- 

ng data (E-RAPiD) and coded RAPiD (C-RAPiD) are two examples 

6] . In addition to the original C-RAPiD [27] which borrowed ideas 

rom collision resolution in slotted ALOHA [7] , MBB methods such 

s [5] has also been modified to incorporate similar collision reso- 

ution procedures [13] . 

Proposed approaches for low-rate IoT pose certain limitations in 

igh-rate IoT. Firstly, neither of the proposed methods can handle 

arge data rates. When using non-orthogonal random access, either 

ayload length following a pilot transmission should be greatly en- 

arged or many successive access slots should be used. Payload en- 

argement is limited by the channel coherence time, while many 

uccessive access attempts will destroy the sparseness of activity 

atterns, severely limiting the decoder performance. E-RAPiD will 

ncur excessive large decoding delays as long data packets should 

e communicated over many coherence times. Thus, real-time ap- 

lications such as voice, video, robotics surgery, and interactive IoT 

an not be supported. C-RAPiD will suffer from a lower delay, given 

hat it uses one coherence time, but will have to deal with many 

ctive users in every coherence time. This translates to decoding 

oded messages with many loops and active nodes which will ad- 

ersely affect message-passing techniques. Two other issues were 

ot addressed by any of the above methods. In crowded scenar- 

os, too many devices need to be paged at every coherence time 

hich jams the downlink control channel. It would be desirable 

o remove this bottleneck. Secondly, all aforementioned methods 

ssume a block fading model which overlooks channel aging. Fi- 

ally and most importantly, it is always assumed in the literature 

hat BS knows the pilot-hopping (PH) or pilot access patterns for 

evices whose channels should be estimated. We provide several 

otivating reasons as to why this assumption is too restrictive. 

his assumption is no longer needed in our proposed uncoordi- 

ated trackers. 

To the best of our knowledge, the only two available channel 

racking methods for massive MIMO are presented in [9] and [25] . 

o be specific, [9] does not transmit pilots and only data is trans- 

itted. In fact, [9] iterates between turbo decoding and channel 

stimation using previously decoded data as pilots. The proposed 

pproach is limited by the fact that it does not use dynamical mod- 

ls on the channel and does not benefit from optimal sequential 

stimation procedures such as Kalman filter (KF). Furthermore, er- 

or propagation occurs if turbo codes fail to correct all errors. On 

he other hand, [25] uses pilot-hopping in combination with a KF 

o track the channel parameters variations. It treats interfering de- 

ices as noise and can not benefit from the extra information that 

heir channel estimates will provide. Furthermore, it will not per- 

orm satisfactorily if PH pattern and/or pilot transmission times are 

nknown. 

Using a resolvable multipath channel model in the angular do- 

ain, an alternative approach to enable pilot sharing was offered 

n [29] . The angular spread of each device can be further tracked 

n time [12] . Two major limitations of this approach are: i) must 

ave no local scatterers near BS, ii) does not exploit the resolution 

apability of small-scale fading, also known as fast fading, which is 

 consequence of lack of enough scatterers. 

.1. Main contributions 

Massive MIMO offers an inherent potential to address all the 

forementioned concerns for high-rate IoT. The challenge is to 

earn all the devices channels. By explicitly considering a dynamic 

odel for channel evolution, we propose joint trackers that simul- 

aneously follow all devices irrespective of their current activity 

tatus. To enable high-quality tracking, we decouple pilot trans- 
2 
ission from data communication. Thus, in each access slot, one 

evice may transmit pilot only to help improve its available chan- 

el estimate, may transmit data only when BS already maintains a 

ood channel estimate for that user, may transmit both pilot and 

ata, or remain completely silent. We also advocate orthogonal pi- 

ot sharing, similar to low-rate IoT, but use the different spatial fea- 

ures of various devices to resolve collisions. Our proposed spatial 

eature for every user is its best available channel estimate from 

revious access slots. Unlike large-scale path loss [5] or distance 

o BS [23] which can be the same for many devices in crowded 

cenarios, the whole channel vector will be different for various 

sers with very high probability. Subsequently, we will propose 

everal low-complexity sub-optimal trackers as well. Our proposed 

pproaches will i) resolve pilot collisions and exploit their infor- 

ation ii) omit the need for separate downlink paging and up- 

ink control channels, iii) explicitly account for channel aging, iv) 

ffer minimum decoding delays compared to E-RAPiD/C-RAPiD, v) 

ecouple pilot transmission and data communication patterns al- 

owing for more flexibility. Our next major contribution, which has 

ot been considered in prior art, is to address the problem of un- 

nown pilot transmission patterns by various devices at the BS. In 

ection 4 we motivate this scenario and offer the corresponding 

ptimal and sub-optimal trackers. Our chief contributions are: 

1. When BS knows pilot transmission patterns, which we refer to 

as coordinated scenario, optimum joint tracker and two low- 

complexity sub-optimal trackers are introduced. 

2. When BS does not know pilot transmission patterns of devices, 

which we refer to as uncoordinated scenario, optimal but prac- 

tically intractable tracker is derived. 

3. Borrowing ideas from target tracking community, low- 

complexity sub-optimal trackers for problem formulated in 

2 are introduced. Given that several users are present in pilot 

collisions, the main target tracking algorithms’ assumption 

that every measurement originates from at most one target is 

violated. Subsequently, we will modify all these methods to 

accommodate the pilot contamination model. 

4. To further reduce complexity, two novel heuristic trackers 

based on soft and hard least-squares (LS) and maximum like- 

lihood estimate (MLE) are also derived and their complexities 

are analyzed. 

5. The performance gap between the two optimal trackers, which 

offers a fundamental performance limit and is referred to as 

price of anarchy, is evaluated and an upper bound for it is de- 

rived. Stability of optimal trackers is also investigated. 

6. Performance of the proposed trackers is investigated through 

extensive simulations. 

.2. Organization 

Section 2 formulates the problem. Section 3 presents coor- 

inated channel trackers. Section 4 offers the optimal and two 

ub-optimal uncoordinated trackers. Section 5 presents the two 

euristic low-complexity trackers for the uncoordinated setup. 

ection 6 provides performance analysis. Section 7 provides nu- 

erical results and Section 8 concludes the paper. 

. System model and problem formulation 

Let us consider a single cell where a MIMO base station (BS) 

quipped with M antennas is serving a total of N single-antenna 

oT devices. The system operates in a time-division duplex (TDD) 

ode, where each access slot is divided into 3 segments. In the 

rst segment, a pilot of length τ symbols is transmitted by some of 

he IoT devices and BS exploits the received signal to track devices 

hannel gains. In the second segment, uplink data are transmitted 
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ollowed by downlink data in the third segment. As N � τ, there 

xist more devices than orthogonal pilots. Thus, BS associates the 

ame pilot to a group of K devices where K := N/τ is an integer. To 

nable channel tracking, each device transmits the pilot irregularly 

nce in a while according to a random pattern. Different devices 

ay transmit pilots at different rates. In a single random access 

lot, some devices may transmit data only, some may transmit pi- 

ot only, and some transmit both pilot and data while the rest re- 

ain totally silent. The objective is to track all IoT devices channels 

t successive random access slots. Once this challenge is addressed, 

S can utilize the obtained channel estimates to perform various 

eamforming methods at uplink/downlink. It should be noted that 

S tracks all devices channels irrespective of whether they have 

ata to transmit or are silent for now. Subsequently, downlink 

eamforming will be applied whenever downlink data for a partic- 

lar device is available. On the other hand, uplink beamforming is 

xploited at every access slot to find those users which have data 

o transmit to the BS. As the channel tracking process for devices 

elonging to distinct groups can be decoupled by the orthogonality 

f their pilots, we focus on channel tracking for users within group 

ne corresponding to pilot sequence one or φ1 ∈ R 

τ×1 without loss 

f generality. 

We aim to track the flat fading channel gains between the 

 th device and the BS in the tth time slot, which is represented

y h 

(k ) 
t = [ h (k ) 

t (1) , h (k ) 
t (2) · · · h (k ) 

t (M)] 
T 

for k = 1 . . . K. It is assumed 

hat h 

(k ) 
t includes large-scale path-loss, shadowing and small-scale 

ading. Furthermore, we assume power allocation is also absorbed 

nto h 

(k ) 
t . We implicitly consider a MIMO-OFDM system and focus 

n one coherence bandwidth. Equivalently, we can assume a nar- 

ow band single-carrier system. Instead of adopting a typical block- 

ading model, we deal with channel aging directly and treat the 

hannels as time-varying dynamical systems. Hence, user k chan- 

el gains change from access slot t − 1 to access slot t according to 

he given state model: 

 

(k ) 
t = A 

(k ) 
t h 

(k ) 
t−1 

+ u 

(k ) 
t (1) 

here A 

(k ) 
t s represent known model matrices that determines how 

ast or slow the channel changes over time slots and u 

(k ) 
t denotes 

aussian process noise with zero mean and covariance matrix Q 

(k ) 
t . 

rocess noise is independent across t, k . To simplify matters and 

ithout loss of generality, we consider a real system with real 

hannel gains. This amounts to using a one-dimensional constella- 

ion such as binary pulse amplitude modulation (B-PAM) and dis- 

arding whatever is received at the quadrature channel. While this 

cheme is not optimum, it serves the purpose of delineating the 

erits of proposed algorithms. Extension to arbitrary complex con- 

tellations and using both in-phase and quadrature components is 

 worthwhile future research direction. As for initialization, we as- 

ume h 

(k ) 
0 

∼ N (0 , I M 

) . The model in (1) is fairly general and very

exible. Different users channels evolve independent of one an- 

ther. This is ensured by the independence of initial channels as- 

ignment and independence of process noise for various devices. 

Each device at a particular access slot decides whether or not 

o send the pilot with the probability λk independently from other 

evices. Thus, only a subset of devices are active and send pilots 

ithin each access slot. We define a binary variable q (k ) 
t that takes 

ne if the k ’th device transmits its pilot at time slot t . Let D t de-

ote the subset of all active devices in time slot t who transmit 

1 . Then, the received signal at the BS at time slot t is given by 

 t ∈ R 

M×τ : 

 t = 

K ∑ 

k =1 

q (k ) 
t h 

(k ) 
t φT 

1 + W t (2) 
3 
here W t ∈ R 

M×τ indicates the additive white Gaussian noise 

AWGN) matrix whose entries are independent with zero mean 

nd variance equal σ 2 
w 

. Given Y 1: t , our objective is to estimate 

 

(1: K) 
t which amounts to the channels of all users who are allo- 

ated to group one. If q (k ) 
t ’s are known to the BS, the tracking 

cheme is coordinated. However, when q (k ) 
t ’s are not known at BS, 

e refer to the scheme as uncoordinated. Our performance crite- 

ion is mean square error (MSE). All of our proposed trackers as- 

ume an accurate initial acquisition of all devices channels at ac- 

ess slot one. This can be achieved by separating devices in dif- 

erent groups via orthogonal pilots and devices within a group by 

DMA to perform an initial training. While extensive, acquisition is 

erformed only once, hence it does not have a significant effect on 

he overall performance of the trackers. Trackers update all users 

hannel estimates at the pilot transmission phase of each access 

lot. At the uplink/downlink stages, BS uses the latest channel es- 

imates to perform beamforming towards various devices. 

In the rest of this paper we assume A 

(k ) 
t s and Q 

(k ) 
t s are known

o the trackers for all k, t . Whether we really know these param- 

ters in practice is an important implementation concern. We will 

ddress this issue’s various aspects in three steps. 

i) From a theoretical perspective, the state model parameters are 

assumed known and given in a Kalman filter (KF). However in 

an extended version of KF, which is usually referred to as adap- 

tive KF, these parameters are also estimated from data which 

is the more practical approach. Performance of KF with per- 

fect knowledge of state model parameters is always an upper 

bound on the performance of adaptive KF. Given this is the first 

manuscript with target tracking algorithms proposed for mas- 

sive MIMO, we perform a proof of concept and investigate the 

upper bound on true performance which is given by a tracker 

with known state model parameters. MSE/rate for any adaptive 

versions with unknown state parameters will be lower/upper 

bounded by that of the proposed methods in this work. 

ii) In wireless channels, time variations occur as a combination 

of three phenomenon: small-scale fading, shadowing and path- 

loss changes over time. All three variations can be incorporated 

as follows. First, we use Jakes model [15] for small-scale fading 

and find the state model parameters so that the proposed auto- 

regressive coefficients best fits Jakes model. Then, we model 

path-loss changes using each specific users velocity which is 

made up of its speed and direction. If we exploit certain lo- 

calization techniques, velocity estimation is feasible in practice. 

Then, state model parameters variations due to path-loss can be 

modeled and incorporated. Third, we include the effect of shad- 

owing by adding to the eigenvalues of Q k . Finally, any real devi- 

ations of this model from the true channel variations model can 

be incorporated by further increasing Q k eigenvalues to repre- 

sent more model uncertainty. 

ii) We can extend this work to the setup where A 

(k ) 
t s and Q 

(k ) 
t s

are also estimated from data. Main challenge will be to prove 

problem identifiability for both coordinated and uncoordinated 

cases. If the problem is proven to be well-behaving, when 

q (k ) 
t = 1 we can estimate A 

(k ) 
t s and Q 

(k ) 
t s from measurements. 

However, when q (k ) 
t = 0 , there is no measurement to use for 

A 

(k ) 
t and Q 

(k ) 
t estimation in that particular t, k . In that case, we 

have to use the same values of A 

(k ) 
t and Q 

(k ) 
t as in the previous

time slot. A combination of ii) and iii) is also viable where we 

use ii) when q (k ) 
t = 0 and iii) when q (k ) 

t � = 0 . 

Next section deals with coordinated channel tracking where 

hree algorithms with varying degrees of complexity-performance 

rade-off are presented. 
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. Tracking with coordinated pilot access 

First, we provide the optimum tracker which is a Kalman fil- 

er that tracks an aggregated state containing the joint state of all 

he K devices. Then, two sub-optimal alternatives with lower com- 

lexity are offered. We refer to all three as coordinated because BS 

nows the pilot transmission pattern q (k ) 
t s. 

.1. Joint coordinated Kalman filter (JC-KF) 

While (1) suggests that channels for different devices evolve 

ndependently and thus independent individual trackers might be 

ptimal, the optimum tracker can not be decoupled across devices. 

his comes naturally as measurements in (2) do include collisions 

hich introduce coupling between various devices. First, we re- 

ove the effect of the devices in other groups by multiplying mea- 

urements with the orthonormal pilot of group 1: 

 t := Y t φ1 = 

K ∑ 

k =1 

q (k ) 
t h 

(k ) 
t + w t . (3) 

ere, y t ∈ R 

M×1 represents the measurement vector corresponding 

o group one received at the M antennas at time t and w t := W t φ1 

enotes the corresponding noise vector which is still Gaussian and 

ndependent across entries with variance σ 2 
w 

. We use the general 

ovariance R t in place of σ 2 
w 

I to allow for correlated measure- 

ent noise also. It is needed for measurement noises to be in- 

ependent over time. Upon introducing the aggregate state vector 

 t := [ h 

(1) T 

t , h 

(2) T 

t , . . . , h 

(K) T 

t ] T of size MK, y t can be written as 

 t = 

[
q (1) 

t I M 

| q (2) 
t I M 

| · · · | q (K) 
t I M 

]
h t + w t := B t h t + w t . 

(4) 

urthermore, (1) can be written in a joint state format as 

 t = A t h t−1 + u t , (5) 

here A t of size K M × K M is block diagonal with A 

(k ) 
t s on the diag-

nals and u t := [ u 

(1) T 

t , u 

(2) T 

t , . . . , u 

(K) T 

t ] T is zero-mean with a block

iagonal covariance matrix Q t with Q 

(k ) 
t s on the diagonal. It can 

e observed that state equation in (5) is linear with all variables 

eing jointly Gaussian. When B t s are known, measurement model 

s also linear with all variables being jointly Gaussian. Therefore, 

he optimum MMSE tracker is a Kalman filter run on the aggre- 

ate state. As in a typical KF, JC-KF begins with an initial estimate 

btained from acquisition stage and then iteratively performs pre- 

iction and correction steps [17] . 

Prediction: 

ˆ 
 t | t −1 = A t ̂

 h t −1 | t −1 , P t | t −1 = A t P t −1 | t −1 A 

T 
t + Q t . (6) 

orrection: First define K t = P t | t −1 B 

T 
t 

(
B t P t | t −1 B 

T 
t + R t 

)−1 
. Then, 

ˆ 
 t| t = 

ˆ h t | t −1 + K t ( y t − B t ̂
 h t | t −1 ) , P t| t = ( I − K t B t ) P t | t −1 . (7) 

he JC-KF serves as a benchmark to compare all other tracking al- 

orithms that will be introduced later on, including coordinated 

nd uncoordinated methods, as it offers the smallest possible MSE. 

efore proceeding, we present two remarks. 

emark 1. The covariance matrix P t| t is of size K M × K M and con-

ains the covariance matrix for channel estimate of device k on its 

 ’th diagonal block. Furthermore, it contains the cross-covariance 

etween users k and j channel estimates on the (k, j) ’th block. 

emark 2. Depending on the various devices activity patterns that 

orms B t in (4) , the MMSE for user k can be different from user

j. Note that MMSE for user k is given by the trace of P k,k which
4 
s the k ’th M × M block on the diagonal of P t| t . This MMSE is in-

ependent of the measurements, and only a function of B t . It pro- 

ides the fundamental MMSE limit that is achievable by the joint 

ctivity pattern encoded in B t . 

.2. Coordinated Kalman filter with collisions discarded 

The chief limitation of JC-KF lies in its high complexity as its 

ggregated state is of size MK and the corresponding covariance 

atrix is if size (MK) 2 . For large K, JC-KF can become prohibitively 

omplex. To address this challenge we introduce two sub-optimal 

lternatives which utilize independent Kalman filters for various 

evices. It can be seen that if we discard y t whenever it suffers a 

ollision, coupling is removed. Therefore, we introduce coordinated 

ndependent KF (CI-KF) as follows. For each device k, run the fol- 

owing iterations independently. 

Prediction: 

ˆ 
 

(k ) 
t | t −1 

= A 

(k ) 
t 

ˆ h 

(k ) 
t −1 | t −1 

, P 

(k ) 
t | t −1 

= A 

(k ) 
t P 

(k ) 
t −1 | t −1 

A 

(k ) 
T 

t + Q 

(k ) 
t . (8) 

orrection: If only user k transmitted φ1 perform correction as be- 

ow. Otherwise, skip to the prediction for next access slot. For cor- 

ection, define K t = P 

(k ) 
t | t −1 

(
P 

(k ) 
t | t −1 

+ R t 

)−1 

. Then, 

ˆ 
 

(k ) 
t| t = 

ˆ h 

(k ) 
t | t −1 

+ K t ( y t − ˆ h 

(k ) 
t | t −1 

) , P 

(k ) 
t| t = ( I − K t ) P 

(k ) 
t | t −1 

. (9) 

f there is a collision, the corresponding y t is discarded and only 

rediction is performed for all devices. If only a single device ac- 

essed the pilot, the channel estimate corresponding to that user 

s both predicted and corrected, while other devices channel esti- 

ates are only predicted. CI-KF operates satisfactorily particularly 

hen number of collisions are a few. This occurs either if K is 

mall or if K is large but BS schedules users so that collisions are 

inimized. However, CI-KF MSE is lower bounded by that of JC-KF 

ince CI-KF can not exploit the information contained in the col- 

isions. CI-KF needs O(KM 

3 ) arithmetic operations per access slot 

hile JC-KF needs O(K 

2 M 

3 ) . Complexity gap is considerable when 

is large. 

.3. Coordinated Kalman filter via belief propagation 

CI-KF will skip many measurements when collisions are abound 

nd will perform poorly. To overcome this limitation, we introduce 

 second sub-optimal KF that is derived using belief propagation 

BP) on a factor graph. This BP-based KF (BP-KF), exploits collisions 

hile its complexity is of the same order as CI-KF. BP-KF algorithm 

s concisely presented here, however its derivation is relegated to 

he Appendix A. 

1. Fix h 

(k ) 
0 

∼ N ( ̂  h 

(k ) 
0 

, P 

(k ) 
0 | 0 ) for all k = 1 , . . . , K which are obtained

from the initial acquisition stage. Set t = 0 . 

2. At time instant t � 1 perform the following steps: 

3. Perform prediction step independently for all devices. 

This amounts to calculating ˆ h 

(k ) 
t | t −1 

= A 

(k ) 
t 

ˆ h 

(k ) 
t −1 | t −1 

and 

P 

(k ) 
t | t −1 

= A 

(k ) 
t P 

(k ) 
t −1 | t −1 

A 

(k ) T 

t + Q 

(k ) 
t . 

4. For those users k who are present in the current collision form 

the fictitious measurement ˆ y (k ) 
t and its covariance matrix ˆ R 

(k ) 
t 

given as 

ˆ y (k ) 
t := y t −

∑ 

j � = k 
q ( j) 

t 
ˆ h 

( j) 
t | t −1 

, ˆ R 

(k ) 
t := R t + 

∑ 

j � = k 
q ( j) 

t 
ˆ P 

( j) 
t | t −1 

(10) 

5. Correct the channel estimate for the users that participate in 

the collision as follows. For user k assume the measurement 

model ˆ y (k ) 
t := h 

(k ) 
t + 

ˆ w 

(k ) 
t where ˆ w 

(k ) 
t is the fictitious noise with 

zero-mean and covariance ˆ R 

(k ) 
, then run the correction step. 
t 
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Define K 

(k ) 
t = P 

(k ) 
t | t −1 

(
P 

(k ) 
t | t −1 

+ 

ˆ R 

(k ) 
t 

)−1 

. Then, perform 

ˆ h 

(k ) 
t| t = 

ˆ h 

(k ) 
t | t −1 

+ K 

(k ) 
t 

(
ˆ y (k ) 

t − ˆ h 

(k ) 
t | t −1 

)
, P t| t = 

(
I − K 

(k ) 
t 

)
P 

(k ) 
t | t −1 

. 

(11) 

6. Set t ← t + 1 and go to step 2. 

It is interesting to observe how BP-KF deals with collisions. 

irstly, BP-KF amounts to applying JC-KF but after each iteration 

t discards the cross-correlation terms which are the off diago- 

al blocks in the joint covariance matrix. This renders the covari- 

nce matrix block diagonal leading to independent Kalman filters 

cross users. Second observation is that the aforementioned ficti- 

ious measurement compensates for other users presence in the 

ollision by subtracting the best available estimate of their chan- 

els but enlarges the covariance of the fictitious measurement 

oise to account for errors in other users channel estimates which 

esults in (10) . BP-KF complexity per access slot is O(KM 

3 ) . 

.4. Comparison with prior art 

Comparing [25] against our methods, we draw several conclu- 

ions. First, [25] treats the desired user channel as an FIR filter 

n time and tracks all the channel coefficients allowing for track- 

ng the complete channel response in the frequency domain, while 

e track one coherence bandwidth only. Secondly, [25] allows for 

 

(k ) 
t s to be unknown, while we treat them as known. On the other 

and, [25] fails to utilize the information obtained from tracking 

ther devices as JC-KF does. Indeed, if there are no collisions at 

ll, our CI-KF and tracker in [25] will be the same. Another ma- 

or limitation of [25] is that it knows the pilot access pattern of 

he desired device, hence it amounts to a coordinated approach 

ccording to our notation in spite of the term uncoordinated in 

heir title. Therefore, [25] can not deal with unknown pilot trans- 

ission pattern for the desired user at the BS. Still, comparisons 

ith our proposed coordinated trackers will be performed in the 

imulations. 

. Tracking with uncoordinated pilot access 

As its main advantage, coordination allows for a simple tracker 

ith polynomial complexity such as JC-KF to become the MMSE 

stimate. On the negative side, it diminishes system flexibility. To 

nable coordination, devices should either use a fixed random pi- 

ot access pattern, or periodically notify the BS of changes in ac- 

ess pattern. Changing, or adaptive, access pattern can be neces- 

ary from several perspectives. For devices that run on a battery 

r harvest energy, a fixed pilot access pattern is not justified as 

hey should adapt pilot access rate to their available energy lev- 

ls. Furthermore, a single device might transmit data with various 

eliability requirements over time. To increase reliability, the de- 

ice may decide to increase its pilot access rate, while decreasing it 

hen data is tolerant to errors. However, periodic notifications on 

ew access policies from all IoT devices can jam the control chan- 

el and lead to a control bottleneck. To ensure flexibility in pilot 

ccess while avoiding excessive control signaling, we offer a novel 

iewpoint not considered before. The main idea is to allow all de- 

ices to individually choose their pilot access slots at will without 

ny coordination with the BS. However, BS will be tasked with the 

dditional burden of detecting pilot access patterns. Therefore, we 

ssume q (k ) 
t s are not known to the BS. 

As BS does not know in advance which devices are present in 

 collision, the tracking task becomes significantly more compli- 

ated. This challenge has existed for a long time in target track- 

ng community and is referred to as the measurement origin un- 
5 
ertainty problem, the data association problem, or data assign- 

ent problem. While the MMSE optimal tracker is prohibitively 

omplex, many sub-optimal trackers have been developed. Unfor- 

unately, target tracking solutions can not be readily applied to our 

ramework as tracking community always dealt with measurement 

rigin uncertainty, but they always assumed that every single mea- 

urement is at most generated by one target. This assumption is 

o longer valid in our scenario as a combination of devices are 

resent in a collision. We correspondingly modify the available tar- 

et tracking algorithms to accommodate this new assumption. In 

his Section, we first present the optimal uncoordinated tracker. 

hen, we present three sub-optimal trackers which are global near- 

st neighbor (GNN) [2] , probabilistic data association filter (PDAF) 

2] , and multiple hypotheses tracker (MHT) [21] . 

.1. Optimal tracker 

The optimal, in the MMSE sense, joint tracker is given by 

ˆ 
 t : = E [ h t | y 1: t ] = E [ E [ h t | y 1: t , q 1: t ] | y 1: t ] 

= 

∑ 

q 1: t 

p(q 1: t | y 1: t ) E [ h t | y 1: t , q 1: t ] (12) 

onditioned on q 1: t , the inner expected value is simply evaluated 

y a joint KF that assumes B 1: t s are given according to that specific

 1: t pattern. To compute the outer expectation, we should enumer- 

te over all possible instances of q 1: t . It is worth mentioning that 

ach q t can assume 2 K values and q 1: t assumes 2 tK different val- 

es. Thus, to evaluate optimal MMSE tracker, 2 Kt joint KFs should 

e run in parallel and then combined by the weights p(q 1: t | y 1: t ) .

ndeed, the optimal MMSE tracker is distributed as a Gaussian mix- 

ure with exponentially increasing number of mixtures over time. 

he weights p(q 1: t | y 1: t ) are evaluated as follows: 

p(q 1: t | y 1: t ) = 

p(y 1: t | q 1: t ) p(q 1: t ) 

p(y 1: t ) 
, (13) 

p(q 1: t ) = 

t ∏ 

i =1 

p(q i ) = 

t ∏ 

i =1 

K ∏ 

k =1 

λ
q (k ) 

i 

k 
(1 − λk ) 

1 −q (k ) 
i 

p(y 1: t | q 1: t ) = p(y t | y 1: t−1 , q 1: t ) p(y 1: t−1 | q 1: t ) 

= p(y t | y 1: t−1 , q 1: t ) p(y 1: t−1 | q 1: t−1 ) , 

= 

t ∏ 

i =1 

p(y i | y 1: i −1 , q 1: i ) 

= 

t ∏ 

i =1 

N 

(
y i ; B i (q i ) ̂  h i | i −1 , B i (q i ) P i | i −1 B 

T 
i (q i ) + R i 

)
. 

(14) 

n (14) , we run a joint KF assuming a given q 1: t and evaluate

ow good the given measurements are predicted by this choice of 

 1: t . This process is repeated for all possible choices of q 1: t . Once

eights are obtained from (13) , they are normalized to one to ac- 

ount for the unknown p(y 1: t ) in the denominator in (13) and then 

lugged into (12) to compute the mean and covariance matrix for 
ˆ 
 t . The overall complexity of optimal tracker is O(K 

3 M 

3 2 Kt ) . 

.2. Global nearest neighbor 

Optimal tracker enumerates all possible hypotheses on the ori- 

in of measurements and then assigns a corresponding weight to 

ach hypothesis. The weight is assigned according to how well that 

articular hypothesis is predicted by the measurements. Unfortu- 

ately, number of hypotheses grow exponentially in t preventing 

he applicability of the optimal tracker. One simple remedy is to 
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reedily pick the hypothesis that predicts the data best at the cur- 

ent time and fix it for future access slots. This algorithm is re- 

erred to as GNN. 

GNN operates as follows. At time t, it is assumed that q 1: t−1 

re selected correctly. Thus, one only needs to select the best pos- 

ible q t which assumes 2 K values. Unlike the optimal tracker, GNN 

erforms hard assignment meaning that it discards all hypotheses 

xcept the best greedy one. GNN algorithm is briefly described be- 

ow. 

1. Fix h 0 ∼ N ( ̂  h 0 , P 0 | 0 ) which are obtained from the initial acqui-

sition stage. Set t = 0 . 

2. At time instant t � 1 perform the following steps: 

3. Perform prediction step on the joint state. This amounts to cal- 

culating ˆ h t | t −1 = A t ̂
 h t −1 | t −1 and P t | t −1 = A t P t −1 | t −1 A 

T 
t + Q t . 

4. Consider all possible hypotheses on q t . Then find the one that 

maximizes p(q t | q 

∗
1: t−1 

, y 1: t ) and denote it by q 

∗
t . This is done as

follows: 

p 
(
q t 

∣∣q 

∗
1: t−1 , y 1: t 

)
= 

p ( y t | y 1: t−1 , q 
∗
1: t−1 , q t ) p ( q t | y 1: t−1 , q 

∗
1: t−1 ) 

p ( y t | y 1: t−1 , q 
∗
1: t−1 ) 

∝ p 
(
y t 
∣∣y 1: t−1 , q 

∗
1: t−1 , q t 

)
p ( q t ) 

∝ N 

(
y t ; B t ( q t ) ̂  h t | t −1 , B t ( q t ) P t | t −1 B 

T 
t ( q t ) + R t 

)
×∏ K 

k =1 λ
q ( 

k ) 
t 

k 
( 1 − λk ) 

q ( 
k ) 

t . 

Note that ˆ h t | t −1 , P t | t −1 are computed from the previous itera- 

tions of the single KF that assumes q 

∗
1: t−1 . 

5. Set B 

∗
t := B t (q 

∗
t ) , then run the correction step assuming B 

∗
t was

the true model. First, define K t = P t | t −1 B 

∗T 

t 

(
B 

∗
t P t | t −1 B 

∗T 

t + R t 

)−1 

. 

Then, perform 

ˆ h t| t = 

ˆ h t | t −1 + K t ( y t − B 

∗
t 

ˆ h t | t −1 ) , P t| t = ( I − K t B 

∗
t ) P t | t −1 . 

(15) 

6. Set t ← t + 1 and go to step 2. 

GNN tracker assumes a Gaussian distribution for ˆ h t| t to sim- 

lify calculations in contrast to the optimal tracker which is dis- 

ributed as Gaussian mixture model (GMM). Furthermore, it uses 

 single-step greedy approach to select the best possible q t . Once 

he greedy optimum is chosen it becomes fixed for future random 

ccess slots and its optimality is never re-evaluated again. 

.3. Multiple hypothesis tracker 

GNN keeps track of only one hypothesis over time, while the 

ptimal tracker keeps account of all possible hypotheses. To fill 

he gap between these two, one might suggest to keep track of a 

xed N h hypotheses instead of one. This idea will give rise to MHT. 

o elaborate, assume �i 
t−1 

:= { q 1 (i ) , q 2 (i ) , . . . , q t−1 (i ) } denotes the 

 ’th hypothesis that is kept by MHT at time t − 1 . The MHT is

riefly described below. 

1. Fix h 0 ∼ N ( ̂  h 0 , P 0 | 0 ) which are obtained from the initial ac-

quisition stage. Set t = 0 . Set �i 
0 

= ∅ for all i = 1 , 2 , . . . , N h . Set

p(�i 
0 
) = 1 /N h for all i . 

2. At time instant t � 1 perform the following steps: 

3. Perform prediction step on the joint state for all hypotheses. 

This amounts to calculating ˆ h 

(�i 
t−1 

) 

t | t −1 
= A t ̂

 h 

(�i 
t−1 

) 

t −1 | t −1 
and P 

(�i 
t−1 

) 

t | t −1 
= 

A t P 

(�i 
t−1 

) 

t −1 | t −1 
A 

T 
t + Q t for the i ’th hypothesis �i 

t−1 
. 

4. For every i, augment �i 
t−1 

with all possible choices on q t . Since 

q t can take 2 K different values, each �i 
t−1 

is expanded into 2 K 

hypotheses. Mathematically, ˜ �(i, j) 
t := 

{
�i 

t−1 
, q t ( j) 

}
where j = 

1 , 2 , . . . , 2 K and i = 1 , 2 , . . . , N . 
h 

6 
5. Next, evaluate the probability of each hypotheses as follows. 

p( ̃  �(i, j) 
t | y 1: t ) 

= 

p(y t | ̃  �(i, j) 
t , y 1: t−1 ) p( ̃  �(i, j) 

t | y 1: t−1 ) 

p(y t | y 1: t−1 ) 

∝ N 

(
y t ; B t (q t ( j)) ̂  h 

(�i 
t−1 ) 

t | t −1 
, B t (q t ( j)) P 

(�i 
t−1 ) 

t | t −1 
B 

T 
t (q t ( j)) + R t 

)
p(�i 

t−1 | y 1: t−1 ) (16) 

6. Select the N h largest values in (16) among N h 2 
K hypothe- 

ses and discard the rest. Then, assign these N h hypotheses to 

�1 
t , �

2 
t , . . . , �

N h 
t . 

7. Normalize the weights as 

p(�
ˆ i 
t | y 1: t ) = 

p( ̃  �(i, j) 
t | y 1: t ) ∑ N h 

i =1 
p( ̃  �(i, j) 

t | y 1: t ) 

where right hand side probabilities are given by (16) when 

�
ˆ i 
t = 

˜ �(i, j) 
t is the ˆ i ’th largest probable hypothesis. 

8. For ˆ i = 1 , 2 , . . . , N h run the correction step as follows 

K 

(�
ˆ i 
t ) 

t : = P 

(�i 
t−1 ) 

t | t −1 
B 

T 
t (q t ( j)) 

(
B t (q t ( j)) P 

(�i 
t−1 ) 

t | t −1 
B 

T 
t ( q t ( j)) + R t 

)−1 

, 

ˆ h 

(�
ˆ i 
t ) 

t| t = 

ˆ h 

(�i 
t−1 ) 

t | t −1 
+ K 

(�
ˆ i 
t ) 

t 

(
y t − B t (q t ( j)) ̂  h 

(�i 
t−1 ) 

t | t −1 

)
, 

P 

(�
ˆ i 
t ) 

t| t = 

(
I − K 

(�
ˆ i 
t ) 

t B t (q t ( j)) 
)

P 

(�i 
t−1 ) 

t | t −1 
. 

9. As the estimate at time t, select the hypothesis with the largest 

weight and assign the corresponding ˆ h 

(�
ˆ i 
t ) 

t| t as MHT tracker out- 

put. 

0. Set t ← t + 1 and go to step 2. 

When N h = 1 , MHT reduces to GNN. Choice of N h provides a

rade-off between complexity and performance. Like GNN, MHT re- 

ies on hard assignments as it discards all the unfavorable hypothe- 

es. 

.4. Probabilistic data association filter 

A characteristic of optimal tracker which is missing in GNN and 

HT is its soft (probabilistic) assignment of hypotheses. Therefore, 

ll hypotheses do have an impact on the final estimate but un- 

avorable ones have a smaller effect than favorable ones. The im- 

act of each hypotheses is determined by its corresponding weight. 

DAF utilizes the same idea of soft assignment but does so only 

or the current measurement. To elaborate further, we recall that 

MSE is given by ˆ h t| t = E[ h t | y 1: t ] and the corresponding probabil-

ty density function is evaluated as follow: 

p(h t | y 1: t ) = 

∑ 

q t 

p(h t , q t | y 1: t ) = 

∑ 

q t 

p(q t | y 1: t ) p(h t | q t , y 1: t ) (17) 

e have conditioned on q t only compared to the optimal uncoor- 

inated tracker which was conditioned on q 1: t (12) . The summa- 

ion is over all 2 K possible hypotheses on q t . The weights on the 

ight hand side of (17) can be written as 

p(q t | y 1: t ) = 

p(y t | q t , y 1: t−1 ) p(q t | y 1: t−1 ) 

p(y t | y 1: t−1 ) 

∝ p(y t | q t , y 1: t−1 ) λ
q (k ) 

t 

k 
(1 − λk ) 

(1 −q (k ) 
t ) . (18) 

he first term in (18) is further expanded as 

p(y t | q t , y 1: t−1 ) = 

∫ 
p(y t | h t , q t , y 1: t−1 ) p(h t | q t , y 1: t−1 ) dh t (19) 

= 

∫ 
p(y t | h t , q t ) p(h t | y 1: t−1 ) dh t 
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≈ N 

(
y t ; B t (q t ) ̂  h t | t −1 , B t (q t ) P t | t −1 B 

T 
t (q t ) + R t 

)
he first equality in (19) is valid because given h t , q t , measure-

ent y t is independent of past measurements y 1: t−1 . In addi- 

ion, given only past measurements y 1: t−1 , q t is independent of 

 t . The approximation occurs because p(h t | y 1: t−1 ) is given by 

he optimal tracker which is too complex and thus we approx- 

mate it using the predictions on the previous step of PDAF. 

pon setting p(h t | y 1: t−1 ) ≈ N (h t ; ˆ h t | t −1 , P t | t −1 ) and p(y t | h t , q t ) =
 (y t ; B t (q t ) h t , R t ) and integrating over h t the approximation en-

ues. Same approximation is utilized in evaluating the second term 

n (17) . Specifically, 

p(h t | q t , y 1: t ) = 

p(y t | h t , q t , y 1: t−1 ) p(h t | q t , y 1: t−1 ) 

p(y t | q t , y 1: t−1 ) 

∝ p(y t | h t , q t ) p(h t | y 1: t−1 ) 

≈ N (y t ; B t (q t ) h t , R t ) N (h t ; ˆ h t | t −1 , P t | t −1 ) 

∝ N 

(
h t ; ˆ h t| t (q t ) , P t| t (q t )) 

)
. (20) 

here 

K t (q t ) = P t | t −1 B 

T 
t (q t ) 

(
B t (q t ) P t | t −1 B 

T 
t (q t ) + R t 

)−1 

ˆ 
 t| t (q t ) = 

ˆ h t | t −1 + K t (q t )(y t − B t (q t ) ̂  h t | t −1 ) , 

 t| t (q t ) = ( I − K t (q t ) B t (q t ) ) P t | t −1 

 t (q t ) denotes the Kalman gain assuming the hypothesis q t is true. 

imilarly, ˆ h t| t (q t ) and P t| t (q t ) are the corresponding mean and co- 

ariance after correction step conditioned on q t . Indeed, (20) il- 

ustrates an alternative derivation of the correction step for the 

alman filter. To summarize, the weights in (17) are evaluated via 

18) and (19) for all possible 2 K hypotheses over q t and normal- 

zed to one. We also use the approximation (20) in (17) and will 

rrive at a Gaussian mixture. PDAF estimate of mean and covari- 

nce is given by the Gaussian mixture in (17) . It is straightforward 

o show that this mean and covariance are given by 

ˆ 
 t| t = 

∑ 

q t 

p(q t | y 1: t ) ̂  h t| t (q t ) , 

 t| t = 

∑ 

q t 

p(q t | y 1: t ) 
(

P t| t (q t ) + 

ˆ h t| t (q t ) ̂  h 

T 
t| t (q t ) 

)
− ˆ h t| t ̂  h 

T 
t| t . (21) 

DAF is briefly described as follows. 

1. Fix h 0 ∼ N ( ̂  h 0 , P 0 | 0 ) which are obtained from the initial acqui-

sition stage. Set t = 0 . 

2. At time instant t � 1 perform the following steps: 

3. Perform prediction step on the joint state. This amounts to cal- 

culating ˆ h t | t −1 = A t ̂
 h t −1 | t −1 and P t | t −1 = A t P t −1 | t −1 A 

T 
t + Q t . 

4. Consider all possible 2 K hypotheses on q t . Compute the weights 

as in (17) using (18),(19) . Then, compute the 2 K correction steps 

for different q t according to (20) . 

5. Compute the mean and covariance of PDAF according to (21) . 

6. Set t ← t + 1 and go to step 2. 

. Low-complexity channel tracking with uncoordinated pilot 

ccess 

While linear in t, GNN, MHT, and PDAF complexities are expo- 

ential in K limiting the values of K for which these algorithms 

re tractable. This section offers two heuristic remedies. The first 

aintain polynomial complexity while the second has a random 

omplexity whose worst case can be exponential, however its av- 

rage complexity was observed to be similar to the first method as 

erified by numerical comparisons. 
7 
.1. Soft and hard least squares 

We can rewrite (3) as follows: 

 t = H t q t + w t (22) 

here H t := [ h 

(1) 
t | h 

(2) 
t | · · · | h 

(K) 
t ] . If H t was known, we could have

stimated q t via an integer constrained least-squares (LS). Subse- 

uently, two difficulties arise. First, integer constraints on q t make 

he problem significantly harder to solve. Secondly, we do not 

now H t . To address these challenges, we apply two approxima- 

ion. First, we relax the integer constraint q t ∈ { 0 , 1 } K into a con-

ex hypercube q t ∈ [0 , 1] K . Furthermore, we replace the unknown 

 t with its best available estimate ˆ H t := [ ̂  h 

(1) 
t | t −1 

| ̂  h 

(2) 
t | t −1 

| · · · | ˆ h 

(K) 
t | t −1 

] . 

pon utilizing these approximations, unconstrained LS is immedi- 

tely obtained as 

ˆ 
 t = 

(
ˆ H 

T 
t 

ˆ H t 

)−1 
ˆ H 

T 
t y t (23) 

or soft LS, we project the obtained 

ˆ q t into the hypercube [0 , 1] K 

hich simply amounts to rounding values of ˆ q t out of the [0,1] 

nterval to either 0 or 1 whichever is closer and keeping the values 

nside the interval intact. Given the convex quadratic cost for LS, 

his optimization then projection approach is equivalent to solving 

he constrained LS with a hypercube constraint. 

For hard LS, we project the obtained 

ˆ q t into the set { 0 , 1 } K 
hich amounts to rounding each value to either 0 or 1. Note that 

ard LS makes hard decisions on if a particular user is present or 

bsent in a collision while soft LS weighs each user corresponding 

o its unconstrained LS estimate. The overall algorithm is summa- 

ized as follows. 

1. Fix h 

(k ) 
0 

∼ N ( ̂  h 

(k ) 
0 

, P 

(k ) 
0 | 0 ) for all k = 1 , . . . , K which are obtained

from the initial acquisition stage. Set t = 0 . 

2. At time instant t � 1 perform the following steps: 

3. Perform prediction step for the aggregate state as ˆ h t | t −1 = 

A t ̂
 h t −1 | t −1 and P t | t −1 = A t P t −1 | t −1 A 

T 
t + Q t . 

4. Reorder vector ˆ h t | t −1 in a matrix form according t o ˆ H t := 

[ ̂  h 

(1) 
t | t −1 

| ̂  h 

(2) 
t | t −1 

| · · · | ˆ h 

(K) 
t | t −1 

] . Then solve (23) to obtain 

ˆ q t via 

soft/hard LS. 

5. Form 

ˆ B t := 

[
ˆ q (1) 

t I M 

| ˆ q (2) 
t I M 

| · · · | ˆ q (K) 
t I M 

]
and run the correction step as 

K t := P t | t −1 ̂
 B 

T 
t 

(
ˆ B t P t | t −1 ̂

 B 

T 
t + R t 

)−1 
, 

ˆ h t| t = 

ˆ h t | t −1 + K t ( y t − ˆ B t ̂
 h t | t −1 ) , P t| t = 

(
I − K t ̂  B t 

)
P t | t −1 . 

6. Set t ← t + 1 and go to step 2. 

The complexity of solving (23) is of order O(K 

3 + MK 

2 ) which 

s approximated as O(MK 

2 ) given that M � K in practice. Given 

hat the complexity of subsequent KF correction in step 5 is of or- 

er O(K 

2 M 

3 ) , it will dominate the overall complexity. Hence, the 

verall soft/hard LS complexity will be of order O(K 

2 M 

3 ) per time 

tep. 

.2. Locally optimum maximum likelihood 

While very simple complexity-wise, the soft/hard LS algorithms 

n the previous section might perform poorly due to their under- 

ying approximations. One can improve their performance by eval- 

ating the maximum-likelihood estimate (MLE) instead of LS. The 

oint density of y 1: t parameterized by q t is written as 

p ( y 1: t ; q t ) = p ( y t | y 1: t−1 ; q t ) p ( y 1: t−1 ; q t ) 

= p ( y t | y 1: t−1 ; q t ) p ( y 1: t−1 ) (24) 
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he second equality follows because y 1: t−1 does not depend on 

 t . To maximize the joint density over q t , we should maximize 

p ( y t | y 1: t−1 ; q t ) which is distributed as GMM. To ensure tractabil- 

ty, we assume that the MLE filter has correctly found q 1: t−1 . This 

ssumption has been made by all the other sub-optimal filters of 

ections 4 and 5 as well. Then, one can write (22) as 

 t = H t q t + w t = 

ˆ H t q t + (H t − ˆ H t ) q t + w t ︸ ︷︷ ︸ 
e t 

(25) 

here given y 1: t−1 , the first term yields the mean and the second 

erm, which is e t , yields the zero-mean Gaussian noise with its 

ovariance given by 

 ee = E 

[
e t e 

T 
t | y 1: t−1 

]
= E 

{ [
(H t − ˆ H t ) q t + w t 

][
(H t − ˆ H t ) q t + w t 

]T 
} 

= E 

{ [ 

K ∑ 

k =1 

q (k ) 
t (h 

(k ) 
t − ˆ h 

(k ) 
t | t −1 

) + w t 

] 

[ 

K ∑ 

� =1 

q (� ) t (h 

(� ) 
t − ˆ h 

(� ) 
t | t −1 

) + w t 

] T 
⎫ ⎬ 

⎭ 

= 

K ∑ 

k =1 

K ∑ 

� =1 

q (k ) 
t q (� ) t 

(
P t | t −1 

)
k,� 

+ R t 

here 
(
P t | t −1 

)
k,� 

corresponds to the k, � block of the joint covari- 

nce. MLE maximizes the log-likelihood given by 

ˆ 
 t = arg max 

q t ∈{ 0 , 1 } K 
− 1 

2 

log | C ee | − 1 

2 

(y t − ˆ H t q t ) 
T 

C 

−1 
ee (y t − ˆ H t q t ) 

(26) 

ue to the integer constraints, MLE is difficult to compute. We ap- 

ly coordinate ascent (CA). Given that each CA step improves ML 

bjective, which is bounded above, its convergence to a local opti- 

um is guaranteed. We begin with q t = 0 and each time vary a co-

rdinate k, which is q (k ) 
t , between zero and one with all the other

oordinates fixed. Then, select the choice that yields a higher ob- 

ective. Then, we move on to the next coordinate. In the worst-case 

he algorithm converges in 2 K steps. Finally, it is notable that if we 

dded a prior on q t in (24) we arrived at an sub-optimal maxi- 

um a-posteriori (MAP) estimate which yields the same computa- 

ional complexity as MLE. The overall algorithm is summarized as 

ollows. 

1. Fix h 

(k ) 
0 

∼ N ( ̂  h 

(k ) 
0 

, P 

(k ) 
0 | 0 ) for all k = 1 , . . . , K which are obtained

from the initial acquisition stage. Set t = 0 . 

2. At time instant t � 1 perform the following steps: 

3. Perform prediction step for the aggregate state as ˆ h t | t −1 = 

A t ̂
 h t −1 | t −1 and P t | t −1 = A t P t −1 | t −1 A 

T 
t + Q t . 

4. Reorder vector ˆ h t | t −1 in a matrix form according t o ˆ H t := 

[ ̂  h 

(1) 
t | t −1 

| ̂  h 

(2) 
t | t −1 

| · · · | ˆ h 

(K) 
t | t −1 

] . Then solve (26) to obtain 

ˆ q t via CA 

which yields a local optimum of (26) . 

5. Form 

ˆ B t := 

[
ˆ q (1) 

t I M 

| ˆ q (2) 
t I M 

| · · · | ˆ q (K) 
t I M 

]
and run the correction step as 

K t := P t | t −1 ̂
 B 

T 
t 

(
ˆ B t P t | t −1 ̂

 B 

T 
t + R t 

)−1 
, 

ˆ h t| t = 

ˆ h t | t −1 + K t ( y t − ˆ B t ̂
 h t | t −1 ) , P t| t = 

(
I − K t ̂  B t 

)
P t | t −1 . 

6. Set t ← t + 1 and go to step 2. 

At every MLE iteration C ee should be inverted which amounts 

o a complexity of O (M 

3 ) . At worst-case, MLE tracker needs 2 K it-

rations per time step. Hence, its worst-case complexity is of the 
8 
rder O (M 

3 2 K ) per time step which is similar to target-tracking 

ased methods. However, simulations suggest that MLE tracker 

onverges much faster than 2 K iterations and its average complex- 

ty may be polynomial in K as well as in M. 

. Performance analysis 

We will examine the MSE difference between the optimal coor- 

inated versus uncoordinated filters which offers the fundamental 

erformance limit. This gap is referred to as price of anarchy (PoA) 

ecause it determines the increased MSE when users change pilot 

ccess patterns at will and do not notify the BS. For an ordinary 

F, covariance update is independent of measurements and can be 

arried offline. Proceeding with the JC-KF, we have 

SE c = E 

[ 
‖ h t − ˆ h 

(c) 
t| t ‖ 

2 
] 

= E 

[ 
E 

[ 
E 

[ 
‖ h t − ˆ h 

(c) 
t| t ‖ 

2 | q 1: t , y 1: t 

] 
| q 1: t 

] ] 
= E 

[
E 

[
trace (P t| t (q 1: t )) | q 1: t 

]]
= 

∑ 

q 1: t 

p(q 1: t ) trace (P t| t (q 1: t )) (27) 

he inner most expectation, which is conditioned on q 1: t , y 1: t 

mounts to JC-KF and its MMSE is easily obtained by the trace of 

he KF covariance matrix tailored to that particular pattern of q 1: t 

nd is independent of y t . Each measurement pattern q 1: t yields a 

orresponding MSE given by trace (P t| t (q 1: t )) . The overall MSE, av- 

raged over q 1: t is given by the last equation. 

Let us focus on the uncoordinated optimum tracker and its 

SE: 

SE u = E 

[ 
‖ h t − ˆ h 

(u ) 
t| t ‖ 

2 
] 

= E 

[ 
E 

[ 
‖ h t − ˆ h 

(u ) 
t| t ‖ 

2 | y 1: t 

] ] 
(28) 

iven y 1: t , 
ˆ h 

(u ) 
t| t is only a function of measurements and hence 

on-random. Only h t is random in the inner expectation and dis- 

ributed as the Gaussian mixture in (12) . One can write 

 

[ 
‖ h t − ˆ h 

(u ) 
t| t ‖ 

2 | y 1: t 

] 
(29) 

= 

∫ 
‖ h t − ˆ h 

(u ) 
t| t ‖ 

2 
∑ 

q 1: t 

p(q 1: t | y 1: t ) N (h t ; ˆ h t| t (q 1: t ) , P t| t (q 1: t )) dh t 

= 

∑ 

q 1: t 

p(q 1: t | y 1: t ) 

∫ 
‖ h t − ˆ h t| t (q 1: t ) + 

ˆ h t| t (q 1: t ) − ˆ h 

(u ) 
t| t ‖ 

2 

×N (h t ; ˆ h t| t (q 1: t ) , P t| t (q 1: t )) dh t (30) 

 

∑ 

q 1: t 

p(q 1: t | y 1: t ) 
[ 

trace (P t| t (q 1: t )) + ‖ ̂

 h t| t (q 1: t ) − ˆ h 

(u ) 
t| t ‖ 

2 
] 
. (31) 

n going from (30) to (31) , we have expanded the ‖ . ‖ 2 
nd used the fact that we are integrating with respect to 

 (h t ; ˆ h t| t (q 1: t ) , P t| t (q 1: t )) and hence the term ‖ h t − ˆ h t| t (q 1: t ) ‖ 2 
ill be given by the trace of the corresponding covariance ma- 

rix. The term ‖ ̂  h t| t (q 1: t ) − ˆ h 

(u ) 
t| t ‖ 2 is constant and the cross-term 

s zero. Next, we replace (29) into (28) to obtain the final MSE 

SE u = E y 1: t 

[ ∑ 

q 1: t 

p(q 1: t | y 1: t ) 
[
trace (P t| t (q 1: t )) 

+ ‖ ̂

 h t| t (q 1: t ) − ˆ h 

(u ) 
t| t ‖ 

2 
] ] 

= 

∑ 

q 1: t 

p(q 1: t ) trace (P t| t (q 1: t )) 

+ E y 1: t 

[ ∑ 

q 1: t 

p(q 1: t | y 1: t ) ‖ ̂

 h t| t (q 1: t ) − ˆ h 

(u ) 
t| t ‖ 

2 

] 

(32) 
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Fig. 1. Normalized MSE of coordinated trackers with K = 6 , M = 256 . 
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he first term in (32) equals (27) . The second term yields MSE dif-

erence between the optimal coordinated and uncoordinated track- 

rs. It is the price of anarchy (PoA). It is desirable to characterize 

oA analytically such as proving its boundedness and obtaining an 

pper bound that tells us how much performance we lose due to 

ack of coordination. These questions are difficult to address gener- 

lly. However, for some special cases, they can be answered. First, 

e derive a single step upper bound on PoA. That is we assume 

oth filters used the same initial estimate ˆ h 0 , ̂  P 0 , 0 and check the 

egative effect of anarchy at time-step t = 1 . The following theo- 

em ensues whose proof is relegated to the Appendix B. 

heorem 1. Assuming the same initial estimate ˆ h 0 , ̂  P 0 , 0 for both the 

oordinated and uncoordinated optimum trackers, the single-step PoA 

s upper bounded by 

oA � 

∑ 

q 1 

p(q 1 ) 

[
ˆ h 

T 
1 | 0 B (q 1 ) 

T K (q 1 ) 
T K (q 1 ) B (q 1 ) ̂  h 1 | 0 (33) 

 trace 
(
R + B (q 1 ) P 1 | 0 B (q 1 ) 

T 
)

(34) 

∑ 

˜ q 1 

P ( ̃  q 1 ) ̂  h 

T 
1 | 0 B (q 1 ) 

T K (q 1 ) 
T K ( ̃  q 1 ) B ( ̃  q 1 ) ̂  h 1 | 0 

]
. (35) 

.1. Mean square (MS) sense stability of optimal trackers 

Unfortunately, Theorem 1 can not determine if PoA is bounded 

or large t because the presented upper bound grows unbounded 

s t increases. First, we consider a dynamical system which is 

table. In the time-invariant parameters case, this means that all 

igenvalues of A t := A have absolute value less than one. The fol- 

owing theorem ensues. The proofs are trivial [1] . 

heorem 2. When the aggregate (or joint) dynamical system in (5) is 

ime-invariant and stable in the MS sense, following conclusions can 

e drawn: 

1. Covariance matrix for the state remains bounded and converges 

to the unique positive semi-definite solution of Lyapunov equation 

P = APA 

T + Q . 

2. JC-KF is MS sense stable meaning that its covariance matrix re- 

main bounded. 

3. Optimal uncoordinated tracker is MS sense stable meaning that its 

covariance matrix remain bounded. 

4. PoA remains bounded. 

When the dynamical system of the state is stable, optimal filters 

re guaranteed to be stable without the need for any observabil- 

ty condition. Stability is guaranteed by the fact that optimal MMSE 

racker will have a smaller trace of covariance than the unobserved 

ynamical system as exploiting measurements optimally can only im- 

rove MSE. As the original covariance for the unobserved system is 

ounded so does the MSE for the optimal tracker [1] . Subsequently, 

oA which is the difference between MSE of optimal trackers will be 

ounded as well. 

It is well-known that if a time-varying dynamical system is 

S sense unstable but uniformly completely observable and con- 

rollable, the corresponding Kalman filter is guaranteed to be sta- 

le [1,14,16] . This is a sufficient condition but not necessary as 

eaker detectability condition can be used instead. Our final theo- 

em yields sufficient conditions for the stability of JC-KF. 

heorem 3. If the dynamical system in (5) is MS sense unstable but 

niformly completely controllable, then JC-KF is MS sense stable if 

he prior p(q 1: t ) is non-zero only for those q 1: t combinations which 

aintain uniform complete observability. 
9 
roof. Results trivially from (27) . �

Given the condition in Theorem 3 , the optimal coordinated 

racker is stable. It is of interest to determine the stability or lack 

f it for the optimal uncoordinated tracker under the same condi- 

ions. This will lead to boundedness / unboundedness conclusion 

or PoA when observability/controllability conditions hold. How- 

ver, this is a challenging task and demands further investigation 

n its own. We leave it as an open problem to be addressed in 

uture works. 

. Numerical results 

We pursue four distinct goals in our simulations. First, we draw 

 comparison between coordinated and uncoordinated schemes 

o determine PoA numerically. Secondly, we check the effect of 

umber of antennas on performance to decide how an ordinary 

IMO fairs against massive MIMO. Third, we check the data rates 

hat can be achieved via the proposed tracking schemes. Finally, 

e compare against existing alternatives. Certain parameters are 

xed for all simulations. They include τ = 16 , T = 100 , ρ = 0 . 95 ,

 

(k ) 
t = (1 − ρ2 ) I M 

, and A 

(k ) 
t = ρI M 

for all t, k . Furthermore, we set

 t = I M 

, λk = (K − 1) /K for all k = 1 , 2 , . . . , K. While we consider

etups with K = 6 devices, we only plot the results pertaining to 

rst device as all parameters are selected symmetrically and chan- 

els are selected independently and at random for all devices. We 

ormalize the channel mean-square error (MSE) for all the trackers 

y the trace of the covariance matrix (P t| t ) 1 , 1 which corresponds 

o the optimal coordinated tracker given by JC-KF. 

.1. Performance of coordinated methods 

We consider K = 6 and plot the normalized MSE versus time- 

lot in Fig 1 for M = 256 antennas. We obtained the same trend

or M = 16 . This figure depicts a comparison of JC-KF, CI-KF, and 

P-KF. As expected, JC-KF performs best with a normalized MSE of 

ne. BP-KF performs slightly worse than JC-KF and given its lower 

omplexity offers a desirable complexity-performance trade-off. As 

or CI-KF, given the large activation ratio λ = 5 / 6 , more than one

evice are active in almost all time slots. Thus, CI-KF discards all 

easurements and is always predicting which amounts to dead 

eckoning and its performance deteriorates over time as expected. 

rgodic tracker which is the algorithm proposed by [25] performs 

oorly compared to all proposed methods. The main reason be- 
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Fig. 2. Normalized MSE of uncoordinated trackers with K = 6 , M = 16 . 

Fig. 3. Normalized MSE of uncoordinated trackers with K = 6 , M = 150 . 
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Fig. 4. MRT data rate of coordinated trackers with K = 6 , M = 16 . 

Fig. 5. MRT data rate of coordinated trackers with K = 6 , M = 256 . 
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ind its poor performance can be attributed to the fact that Er- 

odic tracker does not explicitly account for interference from 

ther users and simply treats them as noise. 

.2. Performance of uncoordinated methods 

For K = 6 devices and M = 16 , M = 150 antennas, Normalized

SE (NMSE) for all uncoordinated trackers are plotted in Fig. 2 and 

ig. 3 respectively. The optimal uncoordinated tracker is too com- 

lex to be practical and thus overlooked. As for PoA, it is definitely 

ower than the best performing uncoordinated algorithm which is 

uggested to be PDAF by the figures. A major difference emerges 

etween M = 16 and M = 256 . For M = 16 , ordinary MIMO, NMSE

s about 1.5 for PDAF which means that worst case PoA equals 

alf the coordinated MMSE. The PDAF NMSE for M = 150 is about 

.1 which means that worst case PoA is about one tenth of the 

oordinated MMSE. This result is remarkable in the sense that if 

e go into the massive MIMO regime, a practical uncoordinated 

lgorithm like PDAF gets very close to the performance of opti- 

um coordinated tracker. However, the gap is considerably larger 

or ordinary MIMO. Same conclusion is valid for all other uncoordi- 

ated trackers as their NMSE is considerably smaller in the massive 

IMO regime. Fig. 2 suggests that Soft LS, MHT (4 best hypothe- 
10 
es), and GNN perform slightly better than Hard LS and MLE. For 

he massive MIMO setup in Fig. 3 , PDAF and MHT perform best 

nd close to one another. Afterwards, GNN performs better than 

ard/soft LS and MLE. MLE performs the poorest and this weak 

erformance can be attributed to non-convexity of ML objective. 

A on MLE can only reach a local optimum which is revealed via 

his simulation to maintain a worse performance than LS global 

ptimum. 

.3. Achievable data rates: MRT 

The final aim in any communication system is to endow each 

ndividual user with the highest possible data-rate that can be se- 

ured with the available CSI. Here, we use a simple MRT beam- 

ormer which selects the beamforming weights to match the chan- 

el estimates obtained through various algorithms. Fig. 4 and Fig. 5 

how a comparison of the JC-KF, CI-KF, and BP-KF with respect 

o the capacity for user one for the cases of K = 6 , M = 16 and

 = 6 , M = 256 , respectively. It can be observed that joint track-

ng of all K users does indeed greatly improve the data rate com- 

ared to decoupled sub-optimal individual trackers. CI-KF performs 

ead reckoning as mentioned before and its performance deterio- 
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Fig. 6. MRT data rate of uncoordinated trackers with K = 6 , M = 16 . 

Fig. 7. MRT data rate of uncoordinated trackers with K = 6 , M = 150 . 
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Fig. 8. ZF data rate of coordinated trackers with K = 6 , M = 16 . 

Fig. 9. ZF data rate of coordinated trackers with K = 6 , M = 256 . 
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ates over time. Ergodic tracker also performs poorly given its high 

SE. It is observed that BP-KF can achieve a satisfactory rate. Given 

ts lower complexity compared to JC-KF, BP-KF strikes a desirable 

rade-off. JC-KF can obtain a rate twice as high in the massive 

egime compared to ordinary MIMO per user. 

MRT beamformer data rates for uncoordinated trackers are plot- 

ed in Fig. 6 and Fig. 7 for K = 6 , M = 16 and K = 6 , M = 150 re-

pectively. It is observed that for ordinary MIMO there is no signifi- 

ant gap between data rates of various algorithms and they all per- 

orm poorly. However, in the massive MIMO setting, performance 

ap is considerable with PDAF and MHT performing best and lo- 

ally optimal ML performing worst. In ordinary MIMO, achievable 

ates decay quickly from 2 bits per Hz per channel use to 0.2 bits

er Hz per channel use for all trackers which is an unsatisfactory 

ate. This is a 10 fold decrease in rate. However, in the massive 

IMO of Fig. 7 the rate for best performing algorithms, which are 

DAF and MHT, suffers a 3 fold decrease from 5 bits per Hz per

hannel use to 1.5 bits per Hz per channel use. Thus, we conclude 

hat the combination of massive MIMO and uncoordinated tracking 

ffers a practical and affordable solution to address pilot contami- 

ation with the added flexibility that BS needs not even know the 

ilot transmission patterns of various devices. Unfortunately, this 
11 
easonable performance comes at a cost of still considerable com- 

lexity. Low-complexity alternatives are not that efficient and the 

est of the three which is Hard LS achieves a rate of 0.5 bits per

z per channel use which is a 10 fold decrease from perfect CSI 

ase. Further investigation of low-complexity alternatives to PDAF 

nd MHT are well-warranted in massive MIMO 

.4. Achievable data rates: zero-forcing 

To study the effect of various beamformers on data rate, zero- 

orcing (ZF) beamformer has been considered for coordinated 

rackers with M = 16 , 256 antennas and uncoordinated trackers 

ith M = 16 , 150 antennas. The results are plotted in Figs. 8 , 9 , 10 ,

1 respectively. Given the very nonlinear fashion in which CSI error 

ropagate in ZF, the results are very different than MRT. For ordi- 

ary MIMO, BP-KF performs best followed by JC-KF and Ergodic 

racker. We know that JC-KF incurs the lowest MSE. Yet, it does 

ot boast the highest rate. This can make for another justification 

n why rate should also be considered alongside MSE. A compar- 

son of Figs. 4 and 8 reveals that the best procured rate is lower 

or ZF compared to MRT. This can be attributed to the fact that or- 

hogonality of ZF beamformer breaks down in the presence of CSI 

rror and hence it can not operate as robustly as MRT. For massive 
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Fig. 10. ZF data rate of uncoordinated trackers with K = 6 , M = 16 . 

Fig. 11. ZF data rate of uncoordinated trackers with K = 6 , M = 150 . 
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Fig. 12. MRT data rate versus MSE for coordinated trackers with M = 256 . 

Fig. 13. MRT data rate versus MSE of uncoordinated trackers with M = 150 . 
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IMO of Fig. 9 it is observed that Ergodic tracker performs satis- 

actorily when ZF is employed and it is indeed better than JC-KF. 

gain, it is worth mentioning that JC-KF is the optimum tracker 

n terms of MSE. Yet, its MSE gains fail to show in ZF data rates.

imilar to ZF with ordinary MIMO, BP-KF performs the best. All un- 

oordinated trackers perform poorly as in Fig. 10 while PDAF and 

HT offer the best performance in the massive MIMO regime of 

ig. 11 . 

.5. MRT rate versus MSE 

It is very interesting to determine how rate changes versus MSE. 

his relation is both nonlinear and not one-to-one because both 

he size of error (MSE) as well as its direction are important in de- 

ermining the achievable rate. Figs. 12 and 13 plot MRT rate versus 

SE for coordinated and uncoordinated scenarios with M = 256 

nd M = 150 antennas respectively. 

.6. Complexity analysis and PoA bound 

Finally, we compare the performance of running various algo- 

ithms in practice. All codes were written in MATLAB and run on a 
12 
aptop with Intel(R) Core(TM) i7-6700HQ CPU @ 2.60GHz proces- 

ors and 8 Giga Bytes of RAM. The per time-slot complexity of var- 

ous coordinated algorithms versus number of antennas are plot- 

ed in Fig. 14 . Similarly, per time-slot complexity of various unco- 

rdinated algorithms are plotted in Fig. 15 . Complexity of heuris- 

ic methods of Section 5 are plotted separately in Fig. 16 . A com-

arison of Figs. 14 and 15 reveals that lack of coordination with 

S in transmitting pilots can incur a large overhead. Specifically, 

HT and PDAF incur an overhead 30 times that of optimum coor- 

inated tracker or JC-KF for M = 150 in order to also detect colli- 

ion patterns. Note the difference in x-axis scale between the two 

gures. JC-KF itself is very complex compared to low-complexity 

oordinated trackers which enjoy a less than 10 fold decrease in 

omplexity for M = 256 antennas. However, the complexity gap is 

onsiderably smaller between various algorithms when M is small. 

ig. 16 reveals that at a cost in performance, uncoordinated track- 

ng’s complexity can be reduced to that of JC-KF. The performance 

oss can be severe in ordinary MIMO as depicted in previous fig- 

res. Theorem 1 is investigated numerically in Fig. 17 where the 

xact PoA is plotted versus its derived upper-bound. Both are nor- 

alized by the square of true channel gains. It can be observed 
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Fig. 14. Complexity of coordinated trackers versus M. 

Fig. 15. Complexity of uncoordinated trackers versus M. 

Fig. 16. Complexity of heuristic trackers in Section 5 versus M. 

Fig. 17. Exact PoA versus its upper bound in Theorem 1. 

Fig. 18. Factor graph for our filtering scenario and belief schedules. 
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hat the bound is not very tight and this motivates future research 

o obtain tighter bounds. 

. Conclusion 

High-rate IoT setup in massive MIMO was considered and a 

ovel method to track all devices channels simultaneously was ad- 

ocated. Utilizing a dynamical model for IoT devices channel evolu- 

ion over time, optimal and various sub-optimal trackers were pro- 

osed for coordinated and uncoordinated scenarios. Fundamental 

erformance gap between coordinated and uncoordinated track- 

rs was evaluated analytically. Finally, the performance of various 

rackers were investigated through extensive simulations. 
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ppendix A. Derivation of BP-KF 

To derive BP-KF, we use the factor graph notion as provided in 

18] . In their seminal paper, it was shown that KF can alternatively 

e viewed as belief propagation, or more generally a message pass- 

ng algorithm on a factor graph. Following the same procedure, in 

he coordinated setup, factor graph for our scheme is depicted in 

ig. 18 . 

To proceed, we derive the four messages, or beliefs, denoted as 
(1) 
1 

, μ(1) 
2 

, μ(1) 
3 

, μ(1) 
4 

in Fig. 18 . Then, we generalize these messages 
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E

N

E

o

E

o other users and future time slots. Note that given the joint Gaus- 

ianity of the overall model, belief messages are Gaussian them- 

elves. Therefore, we only need to include the mean and covariance 

n the beliefs. 

(1) 
1 

(h 

(1) 
0 

) = p(h 

(1) 
0 

) = N (h 

(1) 
0 

; ˆ h 

(1) 
0 

, P 

(1) 
00 

) 

(1) 
2 

(h 

(1) 
1 

) = 

∫ 
p(h 

(1) 
1 

| h 

(1) 
0 

) μ(1) 
1 

(h 

(1) 
0 

) dh 

(1) 
0 

= 

∫ 
p(h 

(1) 
1 

| h 

(1) 
0 

) p(h 

(1) 
0 

) dh 

(1) 
0 

= 

∫ 
N (h 

(1) 
1 

; A 

(1) 
1 

h 

(1) 
0 

, Q 

(1) 
1 

) N (h 

(1) 
0 

; ˆ h 

(1) 
0 

, P 

(1) 
00 

) dh 

(1) 
0 

= N 

(
h 

(1) 
1 

; A 

(1) 
1 

ˆ h 

(1) 
0 

, A 

(1) 
1 

P 

(1) 
00 

A 

(1) T 

1 
+ Q 

(1) 
1 

)
: 

= N 

(
h 

(1) 
1 

; ˆ h 

(1) 
1 | 0 , P 

(1) 
10 

)
hese beliefs are exactly same as those for ordinary KF. In evaluat- 

ng μ(1) 
3 

, μ(1) 
4 

differences appear: 

(1) 
3 

(h 

(1) 
1 

) = 

∫ 
p(y 1 | h 1 , q 1 ) 

∏ 

j : q ( j) 
1 

=1 , j � =1 , 

μ( j) 
2 

(h 

( j) 
1 

) dh 

( j) 
1 

= 

∫ 
N 

( 

y 1 ;
K ∑ 

k =1 

q (k ) 
1 

h 

(k ) 
1 

, R 1 

) 

∏ 

j : q ( j) 
1 

=1 , j � =1 , 

N 

(
h 

( j) 
1 

; ˆ h 

( j) 
1 | 0 , P 

( j) 
10 

)
dh 

( j) 
1 

= N 

( 

y 1 −
K ∑ 

j=2 

q ( j) 
1 

ˆ h 

( j) 
1 | 0 ; h 

(1) 
1 

, R 1 + 

K ∑ 

j=2 

q ( j) 
1 

ˆ P 

( j) 
1 | 0 

) 

: 

= N 

(
ˆ y (1) 

1 
; h 

(1) 
1 

, ̂  R 

(1) 
1 

)
he above expression is valid only if q (1) 

1 
= 1 , that is user 1 partic-

pates in the collision. Otherwise, there is no connection between 

ariable node h 

(1) 
1 

and factor node p(y 1 | h 1 , q 1 ) and there will be

o μ(1) 
3 

and we will have μ(1) 
4 

= μ(1) 
2 

. Finally, μ(1) 
4 

is computed as 

n an ordinary KF. 

(1) 
4 

(h 

(1) 
1 

) = μ(1) 
2 

(h 

(1) 
1 

) μ(1) 
3 

(h 

(1) 
1 

) 

= N 

(
h 

(1) 
1 

; ˆ h 

(1) 
1 | 0 , P 

(1) 
10 

)
N 

(
ˆ y (1) 

1 
; h 

(1) 
1 

, ̂  R 

(1) 
1 

)
= N 

(
h 

(1) 
1 

; ˆ h 

(1) 
1 | 1 , P 

(1) 
1 | 1 
)

here the parameters on the last line are given by (11) . Same 

erivation can be extended in a straightforward manner to other 

sers and future time slots which completes the proof. 

ppendix B. Proof of Theorem 1 

oA = E y 1 

[ ∑ 

q 1 

p(q 1 | y 1 ) ‖ ̂

 h 1 | 1 (q 1 ) − ˆ h 

(u ) 
1 | 1 ‖ 

2 

] 

= E 

[ ∑ 

q 1 

p(q 1 | y 1 ) 
(
‖ ̂

 h 1 | 1 (q 1 ) ‖ 

2 + ‖ ̂

 h 

(u ) 
1 | 1 ‖ 

2 − 2 ̂

 h 1 | 1 (q 1 ) ̂  h 

(u ) 
1 | 1 
)] 

= E 

[ ∑ 

q 1 

p(q 1 | y 1 ) 
(
‖ ̂

 h 1 | 1 (q 1 ) ‖ 

2 − ‖ ̂

 h 

(u ) 
1 | 1 ‖ 

2 
)] 

(36) 

Indeed, ˆ h 1 | 1 (q 1 ) amounts to a correction step assuming q 1 is 

he true model, while ˆ h 1 | 1 is the soft combination of all possible q 1 
14 
s derived for the optimal uncoordinated tracker. They can further 

e written as 

ˆ 
 1 | 1 (q t ) = 

ˆ h 1 | 0 + K ( q 1 ) 
(

y 1 − B (q 1 ) ̂  h 1 | 0 
)

ˆ h 

(u ) 
1 | 1 = 

∑ 

q 1 

p(q 1 | y 1 ) 
[ 

ˆ h 1 | 0 + K ( q 1 ) 
(

y 1: t − B (q 1 ) ̂  h 1 | 0 
)] 

= 

ˆ h 1 | 0 + 

∑ 

q 1 

p(q 1 | y 1 ) K (q 1 ) 
(

y 1 − B ( q 1 ) ̂  h 1 | 0 
)

(37) 

pplying this to the PoA in (36) , we get 

oA = E 

[ ∑ 

q 1 

p(q t | y 1 ) 
(

ˆ h 

T 
1 | 0 K ( q 1 ) 

(
y 1 − B ( q 1 ) ̂  h 1 | 0 

))] 

+ E 

[ ∑ 

q t 

p(q 1 | y 1 ) 
∥∥∥K ( q 1 ) 

(
y 1 − B ( q 1 ) ̂  h 1 | 0 

)∥∥∥2 

] 

−E 

[ ∑ 

q 1 

p(q 1 | y 1 ) ̂  h 

T 
1 | 0 K ( q 1 ) 

(
y 1 − B ( q 1 ) ̂  h 1 | 0 

)] 

−E 

⎡ 

⎣ 

∥∥∥∥∥∑ 

q 1 

p(q 1 | y 1 ) K ( q 1 ) 
(

y 1 − B ( q 1 ) ̂  h 1 | 0 
)∥∥∥∥∥

2 
⎤ 

⎦ 

= E 

[ ∑ 

q 1 

p(q 1 | y 1 ) 
∥∥∥K ( q 1 ) 

(
y 1 − B ( q 1 ) ̂  h 1 | 0 

)∥∥∥2 

] 

−E 

⎡ 

⎣ 

∥∥∥∥∥∑ 

q 1 

p(q 1 | y 1 ) K ( q 1 ) 
(

y 1 − B ( q 1 ) ̂  h 1 | 0 
)∥∥∥∥∥

2 
⎤ 

⎦ (38) 

It is well-known that ‖ . ‖ 2 is convex, ( ∂‖ X‖ 2 
∂X 2 

= 2 I) . Hence,

ensen inequality ensure that 38 is positive since it is equal to the 

xpectation of positive entity ( ‖ ∑ 

i λi X i ‖ 2 � 

∑ 

i λi ‖ X i ‖ 2 ). 
First term in 38 yields 

 

[ ∑ 

q 1 

p(q 1 | y 1 ) 
∥∥∥K ( q 1 ) 

(
y 1 − B ( q 1 ) ̂  h 1 | 0 

)∥∥∥2 

] 

= E 

[ ∑ 

q 1 

p(q 1 | y 1 ) 
(

y T 1 K 

T ( q 1 ) K ( q 1 ) y 1 + 

ˆ h 

T 
1 | 0 B ( q 1 

T ) K ( q 1 
T ) 

K ( q 1 ) ̂  h 1 | 0 B ( q 1 ) − 2 ̂

 h 1 | 0 B ( q 1 
T ) K ( q 1 ) 

T K ( q 1 ) 
)] 

(39) 

ow, let us evaluate each term independently. 

E [ p(q 1 | y 1 ) ] = 

∫ 
p(q 1 | y 1 ) p(y 1 ) dy 1 = P(q 1 ) 

 [ p(q 1 | y 1 ) y 1 ] = 

∫ 
y 1 p(y 1 | q 1 ) p(q 1 ) dy 1 

= 

∫ ∫ 
y 1 p(y 1 | h 1 , q 1 ) p(h 1 | q 1 ) p(q 1 ) d y 1 d h 1 

= p(q 1 ) 

∫ 
p(h 1 ) 

∫ 
y 1 N ( y 1 ; B ( q 1 ) h 1 , R 1 ) d y 1 d h 1 

= p(q 1 ) 

∫ 
B ( q 1 ) h 1 p(h 1 ) dh 1 = p(q 1 ) B ( q 1 ) E [ h 1 ] = 0 

(40) 

The last line is zero because E [ h 1 ] = E [ Ah 0 + u 1 ] = 0 . Let us focus 

n the second moment now. 

 

[
p(q 1 | y 1 ) y 1 y T 1 

]
= p(q 1 ) 

∫ 
p(h 1 ) 

∫ 
y 1 y T 1 N ( y 1 ; B ( q 1 ) h 1 , R 1 ) d y 1 d h 1 

= p(q 1 ) 

∫ 
p(h 1 ) 

[
B ( q 1 ) h 1 h 

T 
1 B ( q 1 ) 

T + R 

]
dh 1 
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h 1 h 
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]
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[
(Ah 0 + u 1 )(Ah 0 + u 1 ) 

T 
]

= AP 0 A 

T + Q (41) 

ombining these results, the first term in 38 can be written as fol- 

ows 

 

[ ∑ 

q 1 

p(q 1 | y 1 ) 
∥∥∥K ( q 1 ) 

(
y 1 − B ( q 1 ) ̂  h 1 | 0 

)∥∥∥2 

] 

= 

∑ 

q 1 

p(q 1 ) ̂  h 0 A 

T B ( q 1 
T ) K ( q 1 

T ) × K ( q 1 ) B ( q 1 ) A ̂

 h 0 

+ 

∑ 

q 1 

p(q 1 ) trace 
[
R + B ( q t ) 

(
AP t−1 A 

T + Q 

)
B ( q 1 ) 

T 
]

econd term in 38 can be simplified as follows 

 

⎡ 

⎣ 

∥∥∥∥∥∑ 

q t 

p(q 1 | y 1 ) K ( q 1 ) 
(

y 1 − B ( q 1 ) ̂  h 1 | 0 
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2 
⎤ 

⎦ 

� 

∥∥∥∥∥E 

[ ∑ 

q 1 

p(q 1 | y 1 ) K ( q 1 ) 
(

y 1 − B ( q 1 ) ̂  h 1 | 0 
)] 

∥∥∥∥∥
2 

= 

∥∥∥∥∥∑ 

q 1 

p(q 1 ) K ( q 1 ) B ( q 1 ) ̂  h 1 | 0 

∥∥∥∥∥
2 

= 

∑ 

q 1 

∑ 

˜ q 1 

p(q 1 ) p( ̃  q 1 ) ̂  h 

T 
1 | 0 B ( q 1 ) 

T K ( q 1 ) 
T K ( ̃  q 1 ) B ( ̃  q 1 ) ̂  h 1 | 0 

= 

∑ 

q 1 

∑ 

˜ q 1 

p(q 1 ) p( ̃  q 1 ) ̂  h 

T 
0 A 

T B ( q 1 ) 
T K ( q 1 ) 

T K ( ̃  q 1 ) B ( ̃  q 1 ) A ̂

 h 0 

e used Jensen inequality on the first line. Replacing into 

38) completes the proof. 
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