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ABSTRACT In this paper, we investigate joint optimization of power allocation factors (PAFs) and decoding
order of users in the downlink of a non-orthogonal multiple access (NOMA) system over Nakagami-m
fading channels. The objective is to guarantee fairness among the users in terms of outage probability (or its
complement success probability). To this end, we maximize the minimum success probability (Max-MSP)
among the users when only statistical channel state information (CSI) is available at the transmitter side.
We solve such a problem by first proving that at the optimal solution, all the users have a common success
probability (CSP), and then proposing an efficient algorithm for finding CSP of the users. The optimal PAFs
and optimal decoding order are derived in closed form based on the CSP and statistical CSI of the users. It is
proved that the proposed algorithm always converges to a unique optimal solution. Furthermore, we show
that in contrast to Rayleigh fading channels, in Nakagami-m fading channels, the optimal decoding order
not only depends on the average signal-to-noise ratio (SNR) of each user but also depends on the variance
of the SNR and data rate of that user.

INDEX TERMS Non-orthogonal multiple access (NOMA), Nakagami-m fading, outage probability,
fairness, power allocation factor, decoding order.

I. INTRODUCTION
Efficient data delivery over wireless networks is becoming
more crucial to satisfy requirements of various services in
the new generation of cellular networks. To response to these
demands, different techniques have been introduced in recent
years. Non-orthogonal multiple access (NOMA) is an emerg-
ing technology that has received a lot of attention due to its
ability to improve spectral efficiency, fairness among users,
as well as throughput of cell-edge users [1]. In particular,
NOMA systems offer better performance compared to that
of the orthogonal multiple access (OMA) counterparts [2].
There are different schemes for NOMA, amongwhich power-
domain NOMA is considered as a promising candidate mul-
tiple access scheme in various standardization activities [3].
In power-domain NOMA, signals of different users are com-
bined using superposition coding (SC) at the transmitter and
sent in the same frequency block simultaneously. At the
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receiver, each user implements a successive interference can-
cellation (SIC) to detect its own signal.

Despite advantages of the NOMAmethod, its performance
highly depends on the power allocation among users, as well
as the decoding order of users. Thus, optimizing power allo-
cation factors (PAFs) and decoding order of users is crucial
to guarantee an acceptable performance and fairness among
NOMA users [4], [5]. Jointly optimizing decoding order and
PAFs is investigated in [6], [7]. Specifically, in [7] joint
optimization of decoding order and PAFs is considered for the
downlink NOMA under Rayleigh fading channels and when
all the nodes are equipped with a single antenna. The authors
prove that under Rayleigh fading, the optimal decoding order
of users corresponds to the ascending order of the average
SNRs of the users. They also derive a closed-form expression
for the optimal PAFs of the users.

Similar to other wireless networks, there are different mea-
sures for evaluating the performance of NOMA in practical
scenarios. In particular, outage probability or its complement
success probability is one of the important metrics [8], [9].
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The authors of [10] derive closed-form expressions for outage
probability and sum-rate of users in a cooperative NOMA
system over Rayleigh fading channels and propose a relay
selection scheme to satisfy the quality of service (QoS) for
the users. Deriving outage probability for users in NOMA
systems with Nakagami-m fading channels is considered in
various frameworks and for different purposes in [11]–[15].
For example, the authors of [11] derive outage probability
of downlink NOMA users under a fixed power allocation.
Moreover, considering perfect CSI at the transmitter, they
show that unlike Rayleigh fading, the diversity order of a
two-user NOMA system with Nakagami-m fading not only
depends on the user with a higher channel gain, but also
depends on the user with a lower channel gain. Furthermore,
outage probability in NOMA systems for other fading chan-
nels has also been investigated in the literature. For example,
the authors in [16] derive outage probability of users for the
downlink of NOMA under η−µ and κ −µ fading channels.
Besides, in [17], the authors derive closed-form expressions
for outage probabilities in uplink and downlink of NOMA
under various fading channels such as Rayleigh, Rician,
Nakagami-m, Nakagami-q, η-µ, κ-µ, Nakagami-lognormal,
with the PDFs of the channel gains approximated as a mixture
of Gamma distributions.

On the other hand, establishing fairness among users is
one of the most important issues in wireless networks, which
has also been studied in NOMA networks [18]–[20]. For
example, the authors in [18] propose an iterative algorithm
to guarantee fairness among users in terms of achievable data
rate by optimizing PAFs of the NOMA users in the downlink
over Rayleigh fading channels. Outage probability can also
be considered as a criterion for providing fairness in NOMA
systems. In [19], a two-user NOMA system is considered
assuming that the near user may act as a full-duplex relay
for the far user. Optimal power allocations for minimizing
outage probability of the far user and maximizing minimum
achievable rate of the two users are obtained separately.
In [20], performance of a NOMA scheme is investigated
for hybrid satellite-terrestrial networks. The authors derive
closed-form expressions for outage probability of all users.
Then, based on the asymptotic behavior of the system in the
high SNR regime, a low-complexity power allocation algo-
rithm is also proposed to guarantee fairness among the users
by minimizing the maximum outage probability of them.
Furthermore, in [7], the outage balancing among the NOMA
users is considered by maximizing the minimum success
probability for Rayleigh fading channels. It should be pointed
out, however, that none of the previous works considers the
outage balancing problem for more general fading models,
including the Nakagami-m fading channels.

Considering the above background, in this paper,
we address the problem of fairness in a NOMA system in
terms of outage probability over Nakagami-m fading chan-
nels by jointly optimizing the PAFs and decoding order of
users. As mentioned before and to the best of our knowledge,
this problem has not been investigated in the literature yet. In

our work, we assume that only statistical channel state infor-
mation (CSI) is available at the transmitter. We first derive
the outage probability in a NOMA system for Nakagami-m
fading channels. After obtaining the outage and success prob-
abilities of users, we formulate the outage balancing problem
as a max-min optimization problem in which the minimum
success probability (MSP) among all users is maximized.
We call this problem as Max-MSP. This problem is non-
convex and has a combinatorial nature. Therefore, we propose
an efficient algorithm to solve it. We prove that in the optimal
solution, all the users have the same success probability,
referred to as common success probability (CSP). Then,
we propose an efficient algorithm for finding the optimal CSP
and derive the optimal decoding order and PAFs of the users
based on the CSP and statistical CSI of the users in closed
form. The results show that, unlike Rayleigh fading channels,
the optimal decoding order for Nakagami-m fading channels
not only depends on the average SNR of each user but also
depends on the variance of SNR and data rate of that user.
This means that, interestingly, the optimal decoding order for
Nakagami-m fading channels may allow a user with a higher
average SNR take the priority in decoding order over a user
with a lower average SNR if the variance of its SNR is higher.

The contributions of this paper can be summarized as
follows:
• Jointly optimizing PAFs and decoding order of users in
downlink of a NOMA system over Nakagami-m fading
channels to guarantee fairness among users in terms of
success probability (that is the complement of outage
probability) by solving the Max-MSP problem.

• Proving that the solution of the Max-MSP problem is
always unique, and with the optimal solution, all users
have the same success probability (which will be called
the optimal common success probability (CSP) in the
rest of the paper).

• Proposing an efficient algorithm to find the optimal CSP
of an arbitrary number of users in a NOMA group.

• Deriving the optimal decoding order and optimal PAFs
of users based on their optimal CSP and statistical CSI
in closed form.

• Proving that if all users have the same parameter m of
Nakagami-m fading channel, then the optimal decoding
order corresponds to the ascending order of the average
SNRs of the users.

• Showing that, in general, the optimal decoding order
in NOMA with Nakagami-m fading channels not only
depends on the average SNR of each user, but also
depends on the data rate and variance of each user’s
SNR.

The rest of this paper is organized as follows. In Section II,
the system model and problem formulation are described.
In Section III, a solution is provided for the Max-MSP prob-
lem. In Section IV, we analyze and discuss solutions for a
few special cases. In particular, in this section we consider
Rayleigh fading as a special case of Nakagami-m fading
with m = 1 and compare our results to that derived in the
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literature for Rayleigh fading. In SectionV, simulation results
are provided for illustrating the accuracy and efficiency of the
proposed algorithm. Section VI concludes the paper.

II. SYSTEM MODEL
We consider a downlink NOMA system with one
single-antenna base station (BS), which intends to send
independent information to K single-antenna mobile users.
As mentioned before, the BS has only statistical CSI of all K
users. We denote user k by Uk , whose normalized target data
rate to bandwidth is denoted by rk , k ∈ K = {1, 2, . . . ,K }.
In the BS,K independent signals of the users are combined by
superposition coding and transmitted in one frequency block
simultaneously. User Uk decodes its signal using an SIC.

The transmitted signal is denoted by x, which is given as

x =
∑
k∈K

√
αkPxk . (1)

In the above expression, xk is the transmitted signal of user
Uk satisfying E(|xk |2) = 1, P is the total transmitted power
of the BS, and 0 ≤ αk ≤ 1 is the power allocation factor
for Uk . Denote the Nakagami-m fading channel coefficient
between the BS and Uk by hk , and additive white Gaussian
noise (AWGN) with zero mean and variance N0 at Uk by zk .
Then the signal received by Uk is

yk = hkx + zk , k ∈ K. (2)

It follows that the instantaneous SNR of the received signal
at Uk is given as γk = P|hk |2/N0. Thus, γk has a Gamma
distribution [21]

f (γk ;mk ) =
mmkk γ

mk−1
k

γ̄
mk
k 0(mk )

exp
(
−
mkγk
γ̄k

)
, (3)

where mk ≥ 1/2 is the shape factor, γ̄k and σ 2
k are the

mean and variance of SNR, respectively, and 0 is the Gamma
function, defined as

0(m) =
∫
∞

0
xm−1e−xdx. (4)

For a Gamma distribution, the parameter m or shape factor
mk is related to the mean and variance of the distribution as
follows

mk =
γ̄ 2
k

σ 2
γk

. (5)

Each user employs SIC to recover its own signal. To this
end, a decoding order should be assigned by the BS,
which is a permutation of users’ indices, denoted by π =
{π1, π2, . . . , πK }. If πi = k , then xk is the ith signal to
be decoded. Each of K users follows this decoding order,
starting by decoding xπ1 and then canceling out its effect on x
and repeating this procedure by moving forward element by
element in π until its own signal is obtained.
In decoding xπi , 1 ≤ i ≤ K using SIC, signals of the users

decoded earlier, i.e., Uπj , j < i, are removed, while signals

of other users are treated as noise. As such, the SNR at Uπk
that is relevant to decoding xπi can be calculated as follows

γ πkπi =
γπkαπi

γπkα
πi
I + 1

, k ∈ K, i ≤ k, (6)

where απiI =
∑K

j=i+1 απj is simply the sum of PAFs of the
users whose signals are decoded after xπi . Therefore, based
on Shannon’s theorem, user Uπk cannot decode xπi correctly
if γ πkπi < 2rπi − 1 or if one of the signals was not decoded
correctly prior to decoding xπi . Thus, the outage event for user
Uπk in decoding signal xπi can be defined as

Oπk
πi
=

 ⋃
j∈K,j≤i

γ πkπj < 2rπj − 1

 , k ∈ K, i ≤ k. (7)

Obviously, the outage event for user Uπk with respect to
decoding xπk isO

πk
πk , which is simply the event that Uπk can-

not decode xπk (its own signal) correctly. Hence, the success
probability of user Uπk can be written as

pπk = 1− Pr{Oπk
πk
}. (8)

In this paper, the goal is to find both the optimum decoding
order and PAFs in order to balance the outage among all users
bymaximizing the minimum success probability (Max-MSP)
of users. In general, there areK ! possibilities for the decoding
order of users. We denote the set of all possible decoding
orders by5. Then, the Max-MSP problem can be formulated
as the following maximin optimization problem

max
α,π

min
k∈K

pπk , (9a)

s.t. π ∈ 5, (9b)

0 ≤ απk ≤ 1, for k ∈ K,π ∈ 5, (9c)∑
k∈K

απk ≤ 1, for π ∈ 5. (9d)

Equation (7) shows that a necessary condition for userUπk
to be able to decode xπi with an arbitrary decoding order, π =
{π1, π2, . . . , πK } is [7]

γπkαπi

1+ γπkα
πi
I
≥ 2rπi − 1, (10)

which can be rewritten as follows

γπk [απi − (2rπi − 1)απiI ] ≥ 2rπi − 1. (11)

The right hand side (RHS) of (11) is nonnegative for dif-
ferent data rates. Hence, this inequality is not met if απi −
(2rπi − 1)απiI < 0, and from this inequality, the minimum
SNR required for successful decoding of xπi is obtained as

γ
πi
th =

2rπi − 1
απi − (2rπi − 1)απiI

, i ∈ K. (12)

Thus, the outage event for user Uπk in decoding signal xπi ,
which was defined in (7), can be rewritten as follows

Oπk
πi
=

 ⋃
j∈K,j≤i

γπk < γ
πj
th

 , k ∈ K, i ≤ k. (13)
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In [7], it was proved that there are two conditions (given
in Lemma 1 and Theorem 1 below), that are satisfied by the
optimum solution of (9) independent of the type of fading.
Therefore, these two conditions are also true for Nakagami-
m fading channels.
Lemma 1: The optimal PAFs for problem (9) satisfy the

constraint (9d) with equality, i.e.,∑
k∈K

απk = 1. (14)

Proof: Refer to Proposition 1 in [7]. �
Theorem 1: To achieve the best outage performance for an

arbitrary decoding order π = {π1, π2, . . . , πk}, PAFs should
be selected such that the following inequalities hold

γ
π1
th ≤ γ

π2
th ≤ · · · ≤ γ

πk
th . (15)

Proof: Refer to Theorem 1 in [7]. �
Consequently, by combining equations (8), (13) and (15),

the success probability of user Uπk can be calculated as

pπk = 1− Pr{Oπk
πk
} = 1− Pr

 ⋃
j∈K,j≤k

γπk < γ
πj
th


= 1− Pr

{
γπk < γ

πk
th

}
. (16)

Furthermore, according to (3) the cumulative distribution
function (CDF) of γπk is

Fγπk (γπk ) =
∫ γπk

0
fγπk (γπk )dγπk =

γL(mπk ,mπkγπk /γ̄πk )
0(mπk )

,

(17)

where γL is the lower incomplete Gamma function, defined
as

γL(s, x) =
∫ x

0
ts−1e−tdt. (18)

Accordingly, the CDF of γπk is a normalized lower incom-
plete gamma function. It is customary to denote the normal-
ized lower and upper incomplete gamma functions as P(a, x)
and Q(a, x), respectively [22], [23]

P(a, x) =

∫ x
0 t

a−1e−tdt

0(a)
, Q(a, x) =

∫
∞

x ta−1e−tdt

0(a)
. (19)

These functions are related to each other by

P(a, x)+ Q(a, x) = 1. (20)

Using (16), (17)–(20), the success probability of Uπk is
given by

pπk = 1− Pr
{
γπk < γ

πk
th

}
= 1− Fγπk

(
γ
πk
th

)
= Q

(
mπk ,mπkγ

πk
th /γ̄πk

)
. (21)

Hence, by using Lemma 1 and Theorem 1, the Max-MSP
problem (9) for the case of Nakagami-m fading can be written
as

max
α,π

min
k∈K

Q
(
mπk ,mπkγ

πk
th /γ̄πk

)
, (22a)

s.t. π ∈ 5, (22b)

0 ≤ απk ≤ 1, for k ∈ K,π ∈ 5, (22c)∑
k∈K

απk = 1, for π ∈ 5, (22d)

0 ≤ γ π1th ≤ γ
π2
th ≤ · · · ≤ γ

πk
th . (22e)

To solve this non-convex problem, it is necessary to obtain
the optimal decoding order, which is a combinatorial prob-
lem and it is NP-hard [24]. In the next section, an efficient
algorithm for solving this problem is proposed.

III. SOLVING THE OUTAGE BALANCING PROBLEM
In the previous section, the outage balancing problem (Max-
MSP problem) was formulated as in (22). In this section, we
perform the following steps to solve the Max-MSP problem:

1) We prove in Lemma 2 and Theorem 2 that at the opti-
mum solution of (22), the success probabilities of all
users are the same, i.e., pπ1 = pπ2 = · · · = pπK = p∗.
We call p∗ the optimal common success probability
(CSP).

2) Assuming the CSP is p and based on the statistical
CSI of users’ channels, we derive closed-form expres-
sions to calculate the optimal decoding order by using
Lemma 3 and optimal PAFs by using Theorem 3.

3) In Lemma 5, we calculate the sum of all users’ PAFs in
a closed form, by using only statistical CSI and users’
data rates and parameter p (rather than using individual
PAFs).

4) Based on the results of Step 3, we propose an efficient
algorithm to find the optimal CSP in problem (22).
In this algorithm, a binary search is performed on
parameter p to find the CSP that makes the sum of PAFs
equal to one (refer to constraint (22d)). The CSP found
by such an algorithm is denoted by p∗.

5) Using the results in Step 2 and p∗, we calculate the opti-
mum decoding order by using Lemma 3 and optimum
PAFs by using Theorem 3.

In this Section, we first prove Lemmas 2–5 and Theorems 2
and 3, and then present our proposed algorithm for solving
(22) to find p∗. Having p∗, the optimal decoding order and
PAFs can be calculated using the closed-form expressions
derived in Lemma 3 and Theorem 3, respectively. We also
present Theorem 4, in which we prove that the Max-MSP
problem in (22) always has a unique solution.
Lemma 2: The success probability of each user is a strictly

increasing function of its power allocation factor.
Proof: The success probability given in (21) depends

on Q(·), where Q(·) is a continuous function with respect to
γ
πk
th , while γ πkth defined in (12) is also a continuous function

with respect to power allocation factor απk . Therefore, Q(·)
is a continuous function with respect to απk . Thus, to prove
this lemma, it suffices to show that the derivative of Q(·) is
strictly positive with respect to απk . This is shown as follows

dQ(mπk ,mπkγ
πk
th /γ̄πk )

dαπk
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=
dQ(mπk ,mπkγ

πk
th /γ̄πk )

dγ πkth
×
dγ πkth
dαπk

=
mπk (mπkγ

πk
th /γ̄πk )

mπk−1 exp(−mπkγ
πk
th /γ̄πk )(2

rπk −1)

γ̄πk0(mπk )
(
απk − (2rπk −1)απkI

)2
> 0.

�
Theorem 2: At the optimal solution of problem (22), all

users have the same success probability (i.e., pπ1 = pπ2 =
· · · = pπK = p∗), which will be called the optimal CSP.

Proof: Refer to Appendix A. �
Based on the result of Theorem 2, we find the optimal

decoding order and optimal PAFs by assuming that all users
have a given CSP p. The obtained expressions of the decoding
order and PAFs are then used to find the optimal CSP in our
proposed algorithm.
Lemma 3: If the CSP of users is any p ∈ (0, 1), then the

decoding order of users can be obtained in an ascending
order of parameter βπk , defined as follows

βπk =
γ̄πk

mπk
Q−1(mπk , p), (23)

where Q−1(·, ·) is the inverse function of Q(a, x) defined in
(19), with respect to second parameter x.

Proof: If p is the given CSP of all users, then the value of
γ
πk
th for every user can be calculated from the inverse success

probability function as

Q(mπk ,mπkγ
πk
th /γ̄πk )=p⇒γ

πk
th =

γ̄πk

mπk
Q−1(mπk , p), (24)

Then, according to Theorem 1, the optimal decoding order
can be calculated by ordering γ πkth in ascending order as

γ̄π1

mπ1
Q−1(mπ1 , p) ≤

γ̄π2

mπ2
Q−1(mπ2 , p)≤ . . .

≤
γ̄πK

mπK
Q−1(mπK , p). (25)

�
The function Q−1(·, ·) can be calculated using lookup

tables or numerical methods. This function has been
implemented in SciPy library of Python with the name
gammainccinv [25].
Lemma 3 introduces a single parameter that indicates the

quality of the channel of the users and determines the optimal
decoding order for the users. That parameter embodies all
the required features such as distance of the users from BS
through average SNR, strength of the Line-of-Sight (LoS)
signal through parameterm and data rate of the users through
parameter p. According to (23) parameter βπk for every user
can be calculated based on statistical CSI and the CSP of
the users. According to (24) this parameter equals to γth for
that user. If we use the definition of γth in (12) and solve the
equation γ πkth = βπk for all users starting form the last user
to the first one (according to the optimal decoding order),

the optimal PAFs of all users can be calculated as a set of
recursive equations

απK = ζπK ×
1
βπK

, (26a)

απK−1 = ζπK−1

(
απK +

1
βπK−1

)
, (26b)

απK−2 = ζπK−2

(
απK + απK−1 +

1
βπK−2

)
, (26c)

...

απK−` = ζπK−`

(
απK + · · · + απK−`+1 +

1
βπK−`

)
, (26d)

...

απ1 = ζπ1

(
απK + · · · + απ2 +

1
βπ1

)
, (26e)

in which ζπk = 2rπk − 1 and βπk is defined in (23). We can
combine these equations to obtain the power allocation factor
of every user in a closed form (refer to Theorem 3).
Lemma 4: Suppose that the CSP of all users is any p ∈

(0, 1), then the sum of the optimal PAFs of the last ` (2 ≤
` ≤ K ) users according to the optimal decoding order can be
calculated as

�` = απK + απK−1 + · · · + απK−`+1 ,

=

`−2∑
i=0

 ζπK−i
βπK−i

`−1∏
j=i+1

(ζπK−j + 1)

+ ζπK−`+1

βπK−`+1
,

2 ≤ ` ≤ K . (27)
Proof: See Appendix B. �

Based on the CSP p and statistical CSI, we can use the
above lemma to calculate the PAFs of all users in closed-form.
This is stated in the following theorem.
Theorem 3: Knowing the CSP of all users is any p ∈ (0, 1),

the optimal PAFs for all users can be calculated as follows

απK = (2rπK − 1)
mπK

γ̄πKQ−1(mπK , p)
, (28a)

απK−1 = (2rπK−1 − 1)
(
mπK (2

rπK − 1)
γ̄πKQ−1(mπK , p)

+
mπK−1

γ̄πK−1Q−1(mπK−1 , p)

)
, (28b)

απ` = (2rπ` − 1)

×

K−`−2∑
i=0

mπK−i (2rπK−i − 1)2
∑K−`−1

j=i+1 rπK−j

γ̄πK−iQ−1(mπK−i , p)


+

mπ`+1 (2
rπ`+1 − 1)

γ̄π`+1Q−1(mπ`+1 , p)
+

mπ`
γ̄π`Q−1(mπ` , p)

)
,

1 ≤ ` ≤ K − 2. (28c)
Proof: See Appendix C. �

Moreover, using Lemma 4, we can calculate the sum of
optimal PAFs of all users based on the users’ statistical CSI
and the CSP p, i.e., without needing to know the individual
PAFs. This is stated in the following lemma.
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Lemma 5: If the CSP of all users is any p ∈ (0, 1), then
the sum of all optimal PAFs is given in a closed form as

S(p,π ) =
K∑
i=1

απi

=
mπ1 (2

rπ1 − 1)
γ̄π1Q−1(mπ1 , p)

+

K∑
i=2

mπi (2
rπi − 1)2

∑i−1
j=1 rπj

γ̄πiQ−1(mπi , p)
,

(29)

where π is the optimal decoding order of users calculated
using Lemma 3 with the CSP of p.

Proof: This lemma is a direct result of Lemma 4 since
�K is the sum of all optimal PAFs as

�K

= απK + απK−1 + · · · + απ1 ,

=
ζπ1

βπ1
+

K−2∑
i=0

 ζπK−i
βπK−i

K−1∏
j=i+1

(ζπK−j+1)

 ,
=

mπ1 (2
rπ1 − 1)

γ̄π1Q−1(mπ1 , p)
+

K−2∑
i=0

mπK−i (2
rπK−i−1)

∏K−1
j=i+1 2

rπK−j

γ̄πK−iQ−1(mπK−i , p)
,

=
mπ1 (2

rπ1 − 1)
γ̄π1Q−1(mπ1 , p)

+

K−2∑
i=0

mπK−i (2
rπK−i − 1)2

∑K−1
j=i+1 rπK−j

γ̄πK−iQ−1(mπK−i , p)
,

=
mπ1 (2

rπ1 − 1)
γ̄π1Q−1(mπ1 , p)

+

K∑
i=2

mπi (2
rπi − 1)2

∑i−1
j=1 rπj

γ̄πiQ−1(mπi , p)
. (30)

�
By using Lemma 5 and Lemma 3, we propose an efficient

algorithm for solving problem (22) which can be used by the
BS to find the optimal CSP for all users, denoted by p∗. The
sum of PAFs should be one to satisfy constraint (22d). Thus,
using equation (29), a binary search can be performed on
parameter p that satisfies constraint (22d). The output of this
algorithm is the optimal CSP of all users. Then, the optimal
decoding order of users to be used by the SIC, and the optimal
PAFs to be used by superposition coding in the BS can be
calculated using Lemma 3 and Theorem 3, respectively. The
BS transmits this optimal decoding order to all users.

In this algorithm, parameter ε defines the desired precision
required for finding p∗ by the BS. The algorithm stops when
the parameter p is in ε-neighborhood of p∗. Yet, we denote
this p by p∗ and we call it the optimal CSP. Then, having
p∗, the optimal decoding order and optimal PAFs can be
calculated by the BS as explained in the previous paragraph.

A. CONVERGENCE ANALYSIS
At this point, it is relevant to ask the following two important
questions about the proposed algorithm:

1) Does the algorithm always converge?
2) Does the algorithm find the global optimal solution?
The next theorem proves that the proposed algorithm

always converges to a global optimal solution.

Proposed Algorithm Finding the Optimal CSP p∗ of All
Users
Input: mπi , γ̄πi , rπi∀i ∈ K and ε
Output: p∗ such that S(p∗,π ) = 1 (refer to equation (29))

Initialization:
1: pl = 0, pu = 1
2: while pu − pl > ε do
3: p = pl+pu

2
4: π = sorted indices of users based on parameter βπk in

ascending order (refer to Lemma 3)
5: if S(p,π ) < 1 then
6: pl = p
7: else if S(p,π ) > 1 then
8: pu = p
9: else
10: return p∗ = p
11: end if
12: end while
13: return p∗ = pl+pu

2

Theorem 4: For any arbitrary group of users, there exists a
unique p∗ ∈ (0, 1) such that S(p∗,π ) defined in (29) satisfies
S(p∗,π ) = 1.

Proof: Refer to Appendix D. �
In the proof of Theorem 4, we show that the function S(p),

which is the sum of the optimal PAFs for a given value of the
CSP p ∈ (0, 1), is a strictly increasing continuous function of
p in that interval. On the other hand, we prove that

lim
p→0+

S(p) = 0, lim
p→1−

S(p) = +∞. (31)

Thus, based on the intermediate value theorem [26], there
exists a p∗ ∈ (0, 1) such that S(p∗) = 1. Also, since S(p) is
a strictly increasing function, p∗ is unique and our proposed
algorithm always converges to this value.

Then, according to Theorem 3, the optimal CSP of each
group of users uniquely determines the optimal PAFs. Fur-
thermore, based on Lemma 3, the optimal decoding order
can be calculated by the BS. But, according to this lemma
if multiple users have the same parameter βπk , then these
users are adjacent in the optimal decoding order and they can
interchange their places with no effect on the optimality of
the decoding order. Hence, in general, the optimal decoding
order, unlike p∗ and PAFs, is not unique.

B. SIGNALING OVERHEAD ANALYSIS
Another important aspect regarding the feasibility of imple-
menting the algorithm is the signaling overhead. Despite
rather complex equations obtained for the optimal decoding
order and PAFs, the proposed algorithm requires rather small
signaling overhead. This is because, by using only the sta-
tistical CSI, the algorithm allows each user to monitor the
channel for a longer period of time and only sporadically,
once in coherence interval of the channel, send feedback to
the BS. In fact, the signalling overhead incurred in using
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statistical CSI can even be ignored when compared to the
amount of transmitted data. Using statistical CSI has been
adopted in other works such as [27]–[30]. In these works,
the average channel gain or the average SNR of the users is
used for determining the optimal decoding order. The main
difference of our proposed scheme is that, in addition to the
average SNR, the variance of the SNR is also used in finding
the optimal decoding order. The fact that the variance of
the SNR also affects the optimal decoding order is a direct
consequence of having the Nakagami-m fading channels.
Thus, in our proposed scheme, two parameters, namely the
average and variance of the SNR should be sent to the BS in
the feedback channel, but this poses no significant increase
in the signaling overhead. Once the optimal decoding order
is found by the BS, such information is sent to all the users,
which is the same for all the aforementioned schemes under
comparison.

C. COMPUTATIONAL COMPLEXITY ANALYSIS
In order to compare the computational complexity of the
proposed algorithm (PA) with exhaustive search (ES) method
as a reference model of worst case scenario, we see that for
a group of K users and precision ε in calculating parame-
ters, the ES method needs to evaluate K ! × (1/ε)K states
to consider all possible decoding order and PAF combina-
tions, which increases exponentially with the total number of
usersK . In contrast, our PA finds the optimal CSP of the users
in log2(1/ε) iterations. Thus, the number of iterations for our
PA is independent from the number of users K . However,
in each iteration of the PA, the values of βπk for every
user should be calculated and sorted. Complexity of sort-
ing operation is proportional to K logK steps, which means
that the complexity of the PA for finding the CSP increases
polynomially with increasing K . Additionally, the optimal
decoding order and PAFs are calculated in closed forms based
on the CSP of all users, which improves the efficiency of
the proposed algorithm significantly compared to exhaustive
search methods. Comparison of the run-time of the PA and
ES methods with simulations is provided in Section V-B.

IV. ANALYSIS OF THE SOLUTION FOR SPECIAL CASES
In this section, we analyze the solution of problem (22) for
two special cases: (i) when all users have the same parame-
ter m, and (ii) Rayleigh fading, a special case of Nakagami-m
fading.

A. SAME PARAMETER m
Suppose that the Nakagami fading parameter m is the same
for all users. In this case, from (23) it can be seen that in
the parameter βπk only γ̄πK varies with k while m and the
CSP (i.e., p) are independent of k . Moreover, according to
Theorem 2, at the optimal solution, p = p∗ for all users.
Therefore, based on Lemma 3 the optimal decoding order is
determined by the ascending order of the average SNRs of

the users, i.e.,

γ̄π1 ≤ γ̄π2 ≤ · · · ≤ γ̄πK . (32)

After finding the optimal decoding order, the optimal PAFs
can be calculated using Theorem 3. An important fact about
Nakagami-m fading channels is that, unlike Rayleigh fading,
in general, the optimal decoding order is not determined just
by the ascending order of the average SNRs of the users. This
is because, as seen fromLemma 3, the optimal decoding order
for Nakagami-m fading depends on βπk , which is a function
of mπk and the CSP of all users. According to (5), mπk
depends on both the average and variance of the SNR of every
user, and based on the proposed algorithm, the CSP depends
on mπk , γ̄πk and rπk of all users. Therefore, in NOMA with
Nakagami-m fading channels, the optimal decoding order not
only depends on the average SNR, but also depends on the
data rate and variance of the SNR of every user.

B. RAYLEIGH FADING
For the special case of m = 1, Nakagami-m distribution
becomes Rayleigh distribution. In [7], the outage balancing
problem (9) has been solved for Rayleigh fading. Thus, it is
expected that our results for the special case of m = 1 should
agreewith the results of [7]. This is indeed the case. By setting
m = 1 in the equation S(p∗,π ) = 1 (refer to (29)), we obtain
parameter A

A = Q−1(1, p∗) =
(2rπ1 − 1)
γ̄π1

+

K∑
i=2

(2rπi − 1)2
∑i−1

j=1 rπj

γ̄πi
.

(33)

We tried to adopt similar notations for outage and other
parameter to those of [7] tomake the comparison of the results
straightforward. Thus, by substituting Q−1(1, p∗) = A and
m = 1 in (28), the same optimal PAFs as equation (22) of [7]
are obtained. It is pointed out that in this paper, all users are
assumed to have the same priority, whereas each user has
a priority weighting factor in [7]. Thus, for comparison of
the results, one should set this weighting factor to 1 for all
users in the results of [7]. Also, by setting m = 1 the optimal
decoding order is as (32), which is the same with the optimal
decoding order obtained in [7] (again, assuming that all users
have the same weighting factor).

V. SIMULATION RESULTS
In this section, we evaluate the accuracy and efficiency of
our proposed algorithm (PA) for solving the outage balancing
problem (22). To this end, we compare simulation results of
our proposed algorithm with results obtained by the exhaus-
tive search (ES) over all possible combinations of PAFs and
decoding orders.

A. ACCURACY
Typically, there are many users in the vicinity of a BS serving
a given cell. However, latency and computational complexity
of SIC make it impractical to include all of them in one
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TABLE 1. Random parameters for 5 groups, each having 3 users.

FIGURE 1. Optimal PAFs of users by exhaustive search (ES) and proposed
algorithm (PA).

FIGURE 2. Optimal CSP of user groups by exhaustive search (ES) and
proposed algorithm (PA).

NOMA group. Instead, users are divided into several groups
with a maximum of 3 or 4 users in each group. Differ-
ent groups are allocated with orthogonal channel resources,
whereas NOMA is employed for users in each group and
the MaxMSP problem is solved accordingly. To evaluate
the accuracy of our proposed algorithm, parameters m ∈
(1, 3), γ̄ ∈ (0, 1) and r ∈ (0.01, 0.1) for 5 groups, each
having 3 users, have been generated randomly as shown
in Table 1. In this table, parameters of the users are shown
as (m1,m2,m3), (γ̄1, γ̄2, γ̄3) and (r1, r2, r3).

Then, the outage balancing problem (22) for these groups
of users is solved by our PA and by the ES. In the ES, all pos-
sible decoding orders and PAFs with the same precision ε for
PAFs are examined. This simulation shows that both methods
yield basically the same result. The optimal PAFs and CSP of

TABLE 2. Optimal decoding order for user groups.

TABLE 3. Comparison of runtime between PA and ES for groups of
3 and 4 users.

users are shown in Figures 1 and 2, respectively. The optimal
decoding order is also obtained and shown in Table 2, which
is the same for both the PA and ES.

B. EFFICIENCY
For efficiency evaluation, the runtime of the PA is compared
with that of the ES. In the experiment, for 1000 groups of 3
and 4 users with random parameters, problem (22) is solved
with the two methods. Statistics of the runtime of the two
methods are shown in Table 3. In this table, the average,
standard deviation (STD), maximum (Max) and minimum
(Min) of the runtime are given in seconds. All simulations
were executed on a laptop with Intel(R) Core(TM) i5-5200U
CPU@2.20 GHz and 8 GB of RAM. On average, for a 3-user
case, the PA finds the solutions about 900 times faster than
ES. If we repeat this simulation for groups of 4 users, this
ratio increases to 20,000 times.

As discussed in Section III-C the computational complex-
ity of the PA increases polynomially in time by increasing
number of users K while the computational complexity of
the ES increases exponentially. Thus, the ratio of the ES run-
time to our PA runtime increases exponentially by increasing
number of users K .

VI. CONCLUSION
In this paper, the outage balancing problem for a downlink
NOMA system in which a BS serves a single group of K
users under Nakagami-m fading channels was formulated
as a maximin optimization problem. The objective is to
maximize the minimum success probability (MSP) of users
by jointly optimizing power allocation factors (PAFs) and
decoding order of the users when only the statistical CSI
of each user is available at the BS. Thus, we proposed an
efficient algorithm for finding the optimal common success
probability (CSP) of all users. Then, the optimal decoding
order and PAFs were calculated in a closed form based on this
CSP. The accuracy and efficiency of our proposed algorithm
are clearly demonstrated with simulation results. We showed
that the optimal decoding order not only depends on the
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average SNRs of users, but also on the variances of the SNRs
and data rates of users. In practice, user grouping certainly
affects the success probability of users and improper grouping
can degrade performance of the system and undermine the
benefits of NOMA. Hence, an interesting research avenue for
a future work is to design algorithms for user grouping and
optimize resources allocation to different groups to guarantee
fairness and acceptable success probability for users in a
NOMA system over Nakagami-m fading channels.

APPENDIX A
PROOF OF THEOREM 2
This theorem can be proved by contradiction. Suppose that at
the optimal solution, the success probabilities of users are not
the same. Then, we can find two adjacent users πm and πm+1
in the optimal decoding order, such that one of them has the
MSP and the other does not have MSP. If we cannot find such
a pair of users, then the success probabilities of all users must
be the same.

We will show that it is always possible to choose a suf-
ficiently small value ε such that if we add ε to the power
allocation factor of the MSP user and subtract it from the
other user’s power allocation factor, all the constraints of (22)
remain satisfied. Based on Lemma 2, this means that we have
found another solution for problem (22) that increases the
MSP of the users. This contradicts the optimality of the given
solution, and hence proves the theorem.

Suppose that the optimum decoding order is as follows

π1, π2, . . . , πm−1, πm, πm+1, πm+2, . . . , πK , (34)

where one of two users πm or πm+1 has MSP and the other
does not. For these users, the following two scenarios are
possible:

1) πm has the minimum success probability (MSP).
2) πm+1 has the minimum success probability (MSP).
We will show that in both scenarios, the credible inter-

val for choosing ε is nonempty. Here, ε is supposed to be
subtracted from the power allocation factor corresponding
to non-MSP user and added to the power allocation factor
corresponding to MSP user such that all the constraints of
problem (22) remain satisfied.

The constraints that should be checked after changing the
PAFs are (22c), (22d) and (22e), from which (22d) is always
true as ε has been subtracted from the power allocation factor
of one user and added to the power allocation factor of another
user.
First Scenario: In this scenario, ε is subtracted from απm+1

and added to απm . To satisfy constraint (22c), it is sufficient
to choose ε < min(απm+1 , (1 − απm )). After modifying
PAFs, parameters γ πkth will change for users πm−1, πm, πm+1
and πm+2. Thus, it is necessary to ensure that the following
inequalities hold after this modification

0 ≤ γ πm−1th ≤ γ
πm
th ≤ γ

πm+1
th ≤ γ

πm+2
th . (35)

For the sake of convenience, we denote the nominator
and denominator of γ πkth , defined in (12), by Aπk and Bπk ,

respectively. Then, before modifying the PAFs, the following
inequalities are true

0 ≤
Aπm−1
Bπm−1

(a)
≤
Aπm
Bπm

(b)
≤
Aπm+1
Bπm+1

(c)
≤
Aπm+2
Bπm+2

. (36)

Then ε should be chosen such that, after modification,
the following inequalities are true

0 ≤
Aπm−1
Bπm−1

(a′)
≤

Aπm
Bπm + 2rπm ε

(b′)
≤

Aπm+1
Bπm+1 − ε

(c′)
≤

Aπm+2
Bπm+2

.

(37)

• To satisfy (37a′), it is sufficient to choose ε such that

0 < ε ≤
AπmBπm−1 − Aπm−1Bπm

2rπmAπm−1
. (38)

As long as (36a) holds with inequality, this is a non-
empty interval for choosing ε. But if (36a) is true with
equality, the credible interval for choosing ε is empty
because the nominator of the fraction in (38) becomes
zero. But, if (36a) holds with equality, it means that
the proposed decoding order is not the only optimum
decoding order and we can exchange the place of user
πm with the previous user πm−1 and we can continue this
exchange until the relation holds with inequality, or user
πm becomes the first user in the decoding order, in which
case the condition (37a′) does not exist to be checked.

• Inequality (37b′) is always true because ε > 0 and (36b)
is true.

• Evaluating inequality (37c′) is similar to evaluating
(37a′) and only if (36c) holds with equality we have
to move user πm+1 forward in the decoding order until
γ
πm+1
th is strictly less than γth of the next user in the

decoding order or πm+1 becomes the last user in the
decoding order, in which case the constraint (37c′) does
not exist anymore.

Therefore, in all possible situations of the first scenario,
the credible interval for choosing ε is not empty.
Second Scenario: In this scenario, ε is subtracted from απm

and added to απm+1 . For constraint (22c), it is sufficient to
choose ε < min(απm , (1 − απm+1 )) and for constraint (22e)
the following inequalities should be true

0 ≤
Aπm−1
Bπm−1

(a′′)
≤

Aπm
Bπm − 2rπm ε

(b′′)
≤

Aπm+1
Bπm+1 + ε

(c′′)
≤

Aπm+2
Bπm+2

.

(39)

As before, we know that (36a) and (36c) are true and ε
is positive. Therefore, it is easy to verify that the constraints
(39a′′) and (39c′′) are always true. To make sure that (39b′′)
is also true, ε should satisfy

0 < ε ≤
BπmAπm−1 − AπmBπm+1
Aπm + 2rπmAπm+1

. (40)

According to (40), the credible interval for choosing ε will
be empty only if (36b) holds with equality. In this case, we can
exchange the places of Uπm and Uπm+1 , which converts the
problem into the first scenario that was discussed earlier.
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Otherwise, the credible interval for choosing ε is nonempty.
Therefore, if the success probabilities of all users are not the
same, in every scenario it is possible to increase the MSP.
This, however, contradicts the optimality of the solution, and
hence proves the theorem.

If we have multiple MSP users, at least one of them is adja-
cent to a non-MSP user. Then, following the aforementioned
steps, the success probability of this user can be increased and
this user does not have the MSP anymore. By repeating this
procedure for all users with the MSP one by one, the success
probabilities of all of them can be increased. It is noted,
however, that in proving the theorem, the most general case
in which users πm and πm+1 are located in the middle of the
optimal decoding order was considered. If one of these users
is the first or last user in the decoding order, some of the
mentioned constraints simply do not exist.

APPENDIX B
PROOF OF LEMMA 4
We prove the lemma by induction. For the base of induction
` = 2, by combining (26a) and (26b) we have

απK + απK−1 =
ζπK (ζπK−1 + 1)

βπK
+
ζπK−1

βπK−1
. (41)

Now suppose that for an arbitrary ` equation (27) is true.
Then we complete the proof by showing that for parameter
`+ 1 this equation is also true

�`+1
(a)
= �` + απK−` ,

(b)
= �` + ζπK−`

(
�` +

1
βπK−`

)
= �`(ζπK−` + 1)+

ζπK−`

βπK−`
,

(c)
=

`−1∑
i=0

 ζπK−i
βπK−i

∏̀
j=i+1

(ζπK−j + 1)

+ ζπK−`

βπK−`
. (42)

For (42a), the definition of �` in (27) is used. For (42b),
we replace απK−` by its definition using (26d). Finally, (42c)
is resulted by combining the values into the sum.

APPENDIX C
PROOF OF THEOREM 3
To prove the theorem for απK and απK−1 , it is trivial to use
(26a) and (26b), respectively. By replacing ζπk = 2rπk − 1
and βπk with its definition in (23), the correctness of (28a)
and (28b) can be verified. To prove (28c), by changing the
index variable in (26d) and using Lemma 4 we have

απ`

= ζπ`

 K∑
i=`+1

απi +
1
βπ`

 = ζπ` (�K−` +
1
βπ`

)
,

= ζπ`

K−`−2∑
i=0

ζπK−i
βπK−i

K−`−1∏
j=i+1

(ζπK−j + 1)

+ ζπ`+1
βπ`+1

+
1
βπ`

,
= (2rπ` − 1)×

K−`−2∑
i=0

 2rπK−i − 1
γ̄πK−i
mπK−i

Q−1(mπK−i , p)

K−`−1∏
j=i+1

2rπK−j


+

2rπ`+1 − 1
γ̄π`+1
mπ`+1

Q−1(mπ`+1 , p)
+

mπ`
γ̄π`Q−1(mπ` , p)

 ,
= (2rπ` − 1)

(
K−`−2∑
i=0

(
mπK−i (2

rπK−i − 1)
γ̄πK−iQ−1(mπK−i , p)

2
∑K−`−1

j=i+1 rπK−j

)
+

mπ`+1 (2
rπ`+1 − 1)

γ̄π`+1Q−1(mπ`+1 , p)
+

mπ`
γ̄π`Q−1(mπ` , p)

)
,

1 ≤ ` ≤ K − 2. (43)

APPENDIX D
PROOF OF THEOREM 4
According to Lemma 3, for any given success probability
p0, an optimal decoding order can be found. Analyzing this
lemma shows that an obtained decoding order for p0 is also
valid for other values of p ∈ (p0 − ε, p0 + ε) as long as the
success probability functions do not have a cross section in
that interval. To clarify this notion, the success probability
functions of 4 arbitrary users are plotted versus parameter γth
in Figure 3.

FIGURE 3. Success probability functions of 4 sample users.
For each of the intervals (0, p1), (p1, p2), (p2, p3) and

(p3, 1) there exists an optimal decoding order (refer to
Lemma 3) which is the same for all values of p in that interval
since ordering βπk or γ

πk
th does not change in those intervals.

To prove the theorem we define the function S(p), which
is the sum of optimal PAFs of all users for every possible
success probability as follows

S(p) =


S(p,π1), 0 ≤ p < p1,
S(p,π2), p1 ≤ p < p2,
...

S(p,πM+1), pM ≤ p ≤ 1,

(44)

where M is the number of distinct intersection points pi that
partition the total success probability interval. π i is the opti-
mal decoding order for the ith interval obtained by Lemma 3
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and S(p,π i) is defined in (29). We prove that S(p) is a strictly
increasing continuous function. But, first we prove that the
number of intersection points is at most

(K
2

)
where K is the

number of users in the group. Thus, the number of possible
discontinuities in the definition of S(p) is not unbounded.
Lemma 6: Any two different normalized incomplete

gamma functions y = Q(a, bx) and y = Q(c, dx) other than
(x, y) = (0, 1) can only have one intersection (a, b, c, d > 0).

Proof: We prove the lemma by contradiction. The num-
ber of intersections betweenQ(a, bx) andQ(c, dx) is equal to
the number of roots of the following function

f (x) = Q(a, bx)− Q(c, dx), x, a, b, c, d > 0. (45)

Suppose f (x) has two roots other than x0 = 0. Since, this
function has another root in infinity (f (∞) → 0), based on
Rolle’s theorem we can argue that derivative of f (x) has at
least 3 roots. But, if we calculate the roots of f ′(x) we have

f ′(x)

= 0→ Q′(a, bx) = Q′(c, dx),

→
d
dx

(
1
0(a)

∫
∞

bx
ta−1e−tdt

)
=
d
dx

(
1
0(c)

∫
∞

dx
tc−1e−tdt

)
,

→
1
0(a)

(
−b

[
(bx)a−1e−bx

])
=

1
0(c)

(
−b

[
(bx)a−1e−bx

])
,

→
0(a)dc

0(c)ba
xc−ae−(d−b)x = 1

c6=a
−−→ xe−

d−b
c−a x

=

(
0(c)ba

0(a)dc

) 1
c−a

,

→ −
d − b
c− a

xe−
d−b
c−a x = −

d − b
c− a

(
0(c)ba

0(a)dc

) 1
c−a

,

b6=d
−−→ −

d − b
c− a

x = W

(
−
d − b
c− a

(
0(c)ba

0(a)dc

) 1
c−a
)
,

→ x = −
c− a
d − b

W

(
−
d − b
c− a

(
0(c)ba

0(a)dc

) 1
c−a
)
, (46)

where W is the lambert-W function which in real numbers
has utmost two values [31]. Therefore, other than (0, 1),
Q(a, bx) and Q(c, dx) can only have one other intersection.
By the definition of function Q it is easy to verify that in case
a = c or c = d (not both) the two functions do not have
any other intersection. If a = c and c = d the two functions
become the same, which is not discussed in this lemma. �
This lemma proves that the number of sub-functions in the

definition of S(p) is bounded to
(K
2

)
+ 1.

For all the sub-functions of S(p) it is easy to verify
that they are strictly increasing continuous functions of p.
If Q−1(mπi , p) = xπi then Q(mπi , xπi ) = p. Thus, we have

dS(p,π i)
dp

=

−γ̄π1
d
dpQ
−1(mπ1 , p)

(
mπ1 (2

rπ1 − 1)
)

(
γ̄π1Q−1(mπ1 , p)

)2

+

K∑
i=2

−γ̄πi
d
dpQ
−1(mπi , p)

(
mπi (2

rπi − 1)2
∑i−1

j=1 rπj

)
(
γ̄πiQ−1(mπi , p)

)2 ,

=
−γ̄π1

(
mπ1 (2

rπ1 − 1)
)(

γ̄π1Q−1(mπ1 , p)
)2 × 1

d
dxπ1

Q(mπ1 , xπ1 )

+

K∑
i=2

−γ̄πi

(
mπi (2

rπi − 1)2
∑i−1

j=1 rπj

)
(
γ̄πiQ−1(mπi , p)

)2
×

1
d
dxπi

Q(mπi , xπi )
,

=
γ̄π1

(
mπ1 (2

rπ1 − 1)
)
0(mπ1 )(

γ̄π1Q−1(mπ1 , p)
)2 xmπ1−1π1 e−xπ1

+

K∑
i=2

γ̄πi

(
mπi (2

rπi − 1)2
∑i−1

j=1 rπj

)
0(mπi )(

γ̄πiQ−1(mπi , p)
)2 xmπi−1πi e−xπi

> 0,

∀x > 0. (47)

Consequently, all the pieces of the function S(p) are strictly
increasing and continuous. Therefore, to prove that S(p) is
a strictly increasing continuous function, it is sufficient to
prove that it is continuous in p1, p2, · · · , pM . In these points,
the success probability functions of two or more users have
intersected and the optimal decoding order is different for
adjacent sub-functions. Thus, we have to prove

lim
p→p−i

S(p) = lim
p→p+i

S(p)⇒ S(pi,π i) = S(pi,π i+1). (48)

In the most general scenario, one can suppose that the
success probability functions of exactly N users have cross
section in (γ ith, pi). Before we proceed with proving the theo-
rem, we prove another lemma.
Lemma 7: Suppose that for a group of K users, the success

probability functions of N users πadj1 , πadj2 , · · · , πadjN have
crossed at (γ ith, pi). The optimal decoding order for (pi−ε, pi)
and (pi, pi+ε) is π i and π i+1 respectively, where ε is chosen
such that there is no other cross section in (pi − ε, pi + ε).
For these N users the following two statements are true:

1) These N users are a set of adjacent users in π i and
π i+1, i.e., no other user is located between these users
in π i and π i+1.

2) The only difference between π i and π i+1 is a permuta-
tion on these N users.
Proof: We prove the first statement by contradiction.

Suppose that a user πb other than these N users is located at
some place between two of them in π i

π i = π1, π2, . . . , πadjn , πb, πadjn+1 , . . . , πK . (49)

This means that the success probability function of πb is
located between the success probability functions of πadjn
and πadjn+1 in the interval (pi − ε, pi). The success proba-
bility functions of users πadjn and πadjn+1 have intersected
in (γ ith, pi). Therefore, according to squeeze or sandwich
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theorem, the success probability function of πb also crosses
(γ ith, pi) which contradicts the fact that the success probability
functions of exactly N users have crossed this point. If multi-
ple users are located between users πadjn and πadjn+1 and also
for π i+1 the same argument is true. Thus, these N users are
adjacent in π i and π i+1.
Since, the optimal decoding order can change only in the

intersections of success probability functions, the difference
in π i and π i+1 can only be in the permutation of these N
adjacent users in the optimal decoding order and the order of
βπk values for other users remains the same. �
Conforming to Lemma 7 we can simplify (48). Suppose

π i = π1, π2, . . . , πt , πt+1, . . . , πt+N , . . . , πK , (50)

π i+1 = π
′

1, π
′

2, . . . , π
′

t+1, . . . , π
′
t+N , . . . , π

′
K , (51)

where N = {t+1, t+2, . . . , t+N } is the set of indices of the
users whose success probability functions have intersected.
Only for these indicesπ i andπ i+1 are different. Other indices
of these two decoding orders are the same. By these assump-
tions we can simplify (48) by removing equal sentences from
both sides of the equality

S(pi,π i)

= S(pi,π i+1)
(a)
→

t+N∑
i=t+1

mπi (2
rπi − 1)2

∑i−1
j=1 rπj

γ̄πiQ−1(mπi , pi)

=

t+N∑
i=t+1

mπ ′i (2
rπ ′i − 1)2

∑i−1
j=1 rπ ′j

γ̄π ′i
Q−1(mπ ′i , pi)

(b)
−→

t+N∑
i=t+1

(2rπi − 1)2
∑i−1

j=1 rπj =

N∑
i=t+1

(2
rπ ′i − 1)2

∑i−1
j=1 rπ ′j

(52)

In (52a), we removed the equal sentences from both sides
of the equality that relate to users outsideN . In (52b), we used
the fact that success probability functions of users πi, i ∈ N
have intersected, and therefore

γ̄πt+1

mπt+1
Q−1(mπt+1 , pi) =

γ̄πt+2

mπt+2
Q−1(mπt+2 , pi) = . . . ,

=
γ̄πt+N

mπt+N
Q−1(mπt+N , pi), (53)

and this equation also holds for users π ′i because they are just
a permutation of users πi, i ∈ N .

Now, all we need to complete the proof of the theorem is
to show that (52) is true. To prove this we show that left side
of (52) is a cyclic function of rπi , i ∈ N values.
Lemma 8: For all values of N ≥ 2, we have

t+N∑
i=t+1

(2rπi − 1)2
∑i−1

j=1 rπj = 2
∑t

j=1 rπj

(
2
∑t+N

j=t+1 rπj − 1
)
.

(54)

Proof: We prove this lemma by induction. For N = 2
we have

2
∑t

j=1 rπj
(
(2rπt+1 − 1)+ (2rπt+2 − 1)2rπt+1

)
= 2

∑t
j=1 rπj

(
2
∑t+2

j=t+1 rπj − 1
)
. (55)

Suppose that (54) is true for parameter N . Now we prove
that it is also true for parameter N + 1

t+N+1∑
i=t+1

(2rπi − 1)2
∑i−1

j=1 rπj

= (2rπt+N+1 − 1)2
∑t+N

j=1 rπj +

t+N∑
i=t+1

(2rπi − 1)2
∑i−1

j=1 rπj

= (2rπt+N+1 − 1)2
∑t+N

j=1 rπj + 2
∑t

j=1 rπj

(
2
∑t+N

j=t+1 rπj − 1
)

= 2
∑t

j=1 rπj

(
2
∑t+N+1

j=t+1 rπj − 1
)
. (56)

�
According to Lemma 8, the left side and right side of

(52) are cyclic functions of variables rπi , i ∈ {t + 1, t +
2, . . . , t + N } and independent from their permutation. This
means that both sides are equal and this concludes the proof
of continuity of function S(p). Therefore, S(p) is a strictly
increasing continuous function in the interval (0, 1). On the
other hand, we know

lim
p→0+

Q−1(p,π ) = +∞⇒ lim
p→0+

S(p) = 0, (57)

lim
p→1−

Q−1(p,π ) = 0+ ⇒ lim
p→1−

S(p) = +∞, (58)

Therefore, based on the intermediate value theorem [26]
there exists a p∗ ∈ (0, 1) such that S(p∗) = 1 (proof of
existence) and as S(p) is a strictly increasing function, this
p∗ is unique (proof of uniqueness).
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